
The null space of a matrix

Recall that the colors at a natroxA

are linearly independent if and only if

the only solution of Ax=0 is X=0 .

Well
,
what if there are interesting (ronzed solutions

of Ax= 0 ?

This can only happen if the colums of A are not

linely independent Cic . They are livery dependent)

This is rane when A is tall or square



but always happens when A is wide,

Def : Th space
of A is the set

N(A) of all vectors x with Ax=0.

rnell

If N(A) = 303
OEN(A)* I'll say "the rull space

is triral"



Why canch,

[22t]x = [b]
↑

one solution: x = [=]A

Consider v = [2,] Av = 0
V =N(A)

A(x+v) = Ax +Av
Consider x + v = (i

,
] = [+] + 0

A(x +2) = [+ ]



Principle 1) CVEN/A) for all numbers a.

Ar = 0 A(c)= cAv = 20 =0.

2) If Ax=b and if Ar = 0

then A(xd = Ax Au= b.

-

Ideally: want to solve Ax=6 N(A) is
not trim

1) Find one solution

2) Determs all the things in NCA)

Every solution is F+ V with VEN(A),
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In general :

1) Suppose for some
matrix A and same b

that x solves Ax=3,

For all UEN(A) A(x+) = b as
well,

(A)+)= Ax+Av =
b + 0 = b) .

2) Suppose X
,
and is are

solutions of Ax-b,

Then let v= X2- X1 ·

Then Av = A(x-x.) = Axe-Ax,
= b - b = 0.



So vE N(A), So = X
,
+ v

with rEN(A) .
⑳Ax=

That is : All solutions of Ax = b ↑
and of the for + v

where & is one solution and

where ENCA) is anbitury.



Some wall spaces :

9

A = [100] N(A)=?

:



x= (8] Ax= 5 A= [1 ,0 o

x =C Ax =3

-(98] Nat ?

28] [
=El
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Observations :

The rull space of A is the set of

rectors that are perpendicular to all the

rows of A . (By def)



Structure : Suppose > 2 =N(A)

Them 1) v +UE N(A)

A(vtu) = Au + Auz = 0 + 0 = 0

2) VENIA) for all numbers c.

A(cri) = c(Ay) = c0 = 0.

< v
,
+Biz - N(A)

A collection of rectors satisfies 1) and 2) above



If we want to solve Ax= b

then = Atb is a solution,

But there are may solutions.

* has the smallest norm of all the

solutions of Ax=b .
K

all solutionsn b

T↳ &

-

x = Atb

-


