
x
, y = R x +Y costs N floating point operations
-

CER XERY CX N flops flops

X- Y X
,YE

X
, 41 + x2yz + +343 -> S flaps

XME" n mult
->
Int flops

n-1 adds

ERYa x n(2n-1) flops [I]
2nz- a flops

~ 2n2 flops



Solums Rx = b R is per triangular

run Xn = bn I flop

Unin + ranXn = bn- 1 malt
,

I sub
,

I divisie
3 flaps

n2 2 + +
+ x = bnz

xn-2=
n
[brn-x]

2 matt
,

2 sub
, I division

5 flops

Xnuz



ni 1 flop

n- 1 : 3 flops

n-2 : 5

:

12(n - 1) + 1 flop

1 + 3 + 5+ 7 ...
.. + (2( - R +)

1 + (2 + 1) + (4 + 1) +
.. .. + (2(-1) +1)

↑

n + 0 + 2 +4 +
... f 2(1 - 1)

n + 2(0+ 1 +2 + ... + 4+)



n-

k 1 + 2+ - . + 10
n + 22k

= 1 10 + 91 - ... + 1

-

n +2( 11 + 1) + .. + /)

n+ (n - 1)n ↳

⑭ k = -
k=

Solving R =b takes ut floating

point operations,

This is cheap. Roughly the same as malpyrs Ax



Ax = b

↓ Given A and x

QRx = b compute Ax 2n
L

QTQRx = Q Tb I
:

Rx = Q+ b
L

↳ In=- n m In
2

L
↳ 12 total : 32



Compute At once you
have a QR fact.

↑

A w
,
= C, solve these and then

A we = ezI A = [w , wz - ...Wh]
:

A vin = en AA= [Am Anz--Awn]
= [e , ez

... en]
32

= I
↑
3

3Total is 3n/-
operations to find At



&R factorization is expensive, order of 2n3

operations ↓

33 for

the inverse

-

LU factorization
Lis lower

trimpue] is

A = Ly U is upper trimple,

Want to solve A + = b

LUx = b



1) Sol Lw = b U

2) Sale Ux = w n
=

LUx = Lw = b In op.

(Its shaper



Pseudo Inverse
.

We've worked with solving Axel when A is sque

and has limerly ind.

columns
.

(when it is invertible)

CQR factorization)

What if we relax the condition that A is sque

but still require that the colum of A one

limonly inde pondent,



If A has a left incose then its columns we

linonly independents

I'm going
to show you laws when the columns

one line ind to build a left mase
,
At (pseudo

Mierse)
If you can find this left inverse and if

there is a solution of Ax =b

then A Ax = Ab

Ix = A
+b => x = A b.



Can check afterwards if Ax =b)
Nextolpler will explor who Ath is even

when there is no solution,

Claim :
The colums of A we linewly independent

if and only if the mately

AT A 13 inveible
.

L
↳ Grum natrix of A

A man where my n



At nxm Axy AFA uxn
square

Recall : The colums of amatrix B

are linearly independent if and only
If the only solution of Bx= 0

1 x = 0o

Suppose A has linerly independent colums.

Suppose x is a rector where ATAX = 0

Then XTAAx = 0



(Ax)T(Ax) = 0

1Ax/= 0

So Ax = 0

So x = 0

-samedA has (in. ind cols,

If ATAx = 0 then x = 0
.

So ATA his lively ind. columns,



So ATA is table ·

Suppose the colums of A are not linearly ind.

Then there is a rector X*O with AX= 0.

For this some x
, ATAX = 0

So X + O and ATAx = O
.

So the colums of ATA are not linerly independent,

So ATA does not have an incase.

If the columns at A are not linerly ind . The
ATA does not have am invest



So
,
if ATA has an inverses

then the columns of A we lively independent,

Ax =0
2

X =C

A
,
calumsarelively independent

At = (ATA)
"

AT Moore-Penrose inverse

Pseudo inverse

Claim : At is a left invest of A.


