
Goal : A space X is compact if every
net in X has

a convesent subhet .

Two parts a) A not has a subnet convers to X

if and only if X is a cluster point
of the not.

b) A space X is compactiff every
not in X has a cluster point,



Prop : Suppose the net <XaTact has a subnet LapBeB

convey to some X
.
Then X is a cluste point,

Pf: Let <xagpe be a subnet conversing to X.

Let U be
on open set

that contains X.

Let doA . CZob : show there exists a Go such that

x + U . )

Pick B , so that <ph do . (cofinal)

Pick Be so that if BT, B2 then XpEU. (Comes
Pick By with BsB , and BayBe : (directedness



I claim LB3, do and
Xc U. fromahore
X

Observe -> and hanceaB &
B, To B doo

- un

[increasing transitivity
,

Moreover since Boy Ba , Xapg * U by the

choice of Be B



Prop : Suppose (x9] is a net with a cluster poto

X
.

Then there exists a subnet of the not that
-

converges to X.

Pf : Let B = [(Usa) : UE &(x) and at A and Xer.

We order B by (U) (Vete) if UEUe and

&142 · I claim B is a directed set,

Then the ording Bis evidently reflexive and transitive,
on

To show it is directed pick (U..x1) and (aste) in B.

Let Us= U . MUz · Using directedness we can



finda wherex , and&r (Us,)

Since X is a cluster point we can find agh

ad xagtU: Then (Us ,Cs) EB.

Moreover (Us / <s] (Ues5) (Va<2).

Similarly (Ug ,<3) (U , x, ) o

We define a map BA by (0
,
a) -x .

To
see this mp is increasing suppose (U) (U).

Then a
,
3
, 22 by def of the orders an B.

The map is
cofal since for every

net

(X , a) < B (since X is open and contex and YatX)



[Iie, The up fur
B to A is surjective and lene

cofinal) B = (w, y)

Consider the subnet (apBeB
Xap= Xy

Iclown it converges to X.

Job : Show that goven an open set O contains X

There is a So so that if BBBo YpEU.
a

Let U be
an open

set conting-

Since X is a cluster point there exists on

do with XoEU . Let Uo = U.



Let Bo = (Vo , do),

Suppose B = (V, a) E B and Bi Bor
Job : Show ap &U.

Observe Xap = X. and Xy EV by definition

of B
. Mamouw, since &Bo VIU= U .

So XU as required. B
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