
Prop : A sequentially compact Ind countable space is compact.

Pf: Let EUnnet be an open core at the sequentially

compact 2nd countable space X .
Second countableapaces me

Lindelof so we can extracta countable subcover
, say, [U:3

Suppose to the contrary that this countable subcover does not admit

a finite subcorer,

The set U
,
does not cover X so I can pick X.* U.

The Sets U, and On do not cour X so wean pick xz * U. UK

continuing inductively we ran
find X- UK



Because X is sequentially compact we can extract a subsequence

Xia conversing to some XX .

Since the EUj3 cores

X we an
find J with X-UJ

Because Yike X there is K so that if kik

"inEUj . Observe that if kJ < i j 36

and hencei * U, UUeU--
-Ouj

In particular if k4K and k3J then Xi -U

und X*UJ,



This is a contradiction, D

Corresponding result: Sequentually compact + metricable-> compact,

a) See text

b) takeweal analys.



Nets : (generalized sequences

NN -> X x() = Xi

a sequence is
such a map

Def : A directed set is a sett togethe with a relation &

satisfy my
Creflexive)

1) &* & for allA

2) IfaPB and BAY Then &Er (transitive)

3) If < and BEA There is UEA with UBL and WaB.



Examples 1) N,
n
, 12

max(n , nz)

aG2

2) NxN (abis(ad) of
bad

IN

#· &

B



3) A is a directed set

AxA is also a directed set

(a,bi) (an ,ba) if
a
,Laz

bibz

Given 2= (asbi) and B= (az, ba)

is the Ua WaB . V= (U
, (z)

Pick W
.
with U. a, and U. az

Pick Oz with U23b, and U2, b2



4) X a topological space

x + X

A + ((x) (the set of all open sets conting x) .

U
,
v USV if UEV

ordering by revese inclusion.

Usu ? Uzo ?

UPV
, VIN= UW?

Ver
,
new New

UV W= UN wer() WeU = WYr
we V=W, V.



Def : Let X be a set. A net in X is

· function from a directed set A into X
.

Are sequencesrets? IN X

Notation : x (x) with -A

I
Ya

ExaYet 53 Exe



Many topological properties cn be characterized in termsafnets.

E.g. In metric spaces we can characterize the closure ata setVEX

using sequences.

XET ED there is a sequence in V whose li is X.

Prop: Let X be a topological space and let VEX.

Then XT if and only if there is a not in V

converging to X.

Def : Let A be a directed set and let GotA.

The fail of % in A Thao) is ECEA : 27, %.3.



Exercise: T(d) is itself a directed set under

The some ordaing.

A= IN T(S) = Enein3, 53

Def: Let <xaket be a net uX.

A tail of theiet is a net of the form

[x]aeT() So- some LotA.



Def: Let X be a topological space, GeX , and <XcTaet
be a not in X

.

We say xex (Kxtox)
if for

every open set U containing x, U contains

all terms of a fail <XCYETHo)

Remark : Conversace can be formulated: For all open sets U contains -

Thee exists to such that if a to Men XEU o



Lama : Suppose <CaYeA is a not in VEX converging to x

Then xe
V

.

Of : We will show x is a content pointof V.

Let O be an open set century x .
Since X-X

the exists do so that if My do
,

XatU .

In particular Xa
.

EU
.

Since Xo*V, X is a contact point.

D

Lama: Let X be a topological space and VE X,

If x Men There exists a not in V converging to X-



Pf: Let A = Y(x) ordered by recose inclusive,

gadXz0.
For each UEA there exists some XJEV, since

X is in End is have a contact point ofV.

We now have amet <XuYve(x)
I cloam this net coceses to X.

Let W be an open set containing X.

Observe that if UGW (s00 = W)

Xy U = W .

So W contains the tail of the net at terms Xp with UPW.

D


