
Proof of Lemma :

Let A = UAa . Suppose U and V are disjoint open set

int with A = UWV
.
We need to show that

oneof U and V is A and the other is empty,
Each An is connected in the subspace toplay infected fromX

and have also from A
.

Therefore each As is contained

in one of U or V .

Moreover
,
if some AcEU, than

since each AddAn#& We have Add U . Hence, in

This case

y UAxEU .

(The cose where some ACE

is promen identically)



Prop : Suppose AX is connected ad

gA = BEF

Then B is connected,

Cor : The closure of a connected set is connected.

Cor : Any closel internal [ab] is connected,

Leach (9137 is connected
Ca
,
do)

(a, b] [a, 00)



Def : A subset IEIR is an interal of

for all abEI with asb and all

CER with a<cab cel.

(ab) , o, 1, (aa], (ab] (ab]
, [ab)

(a,0) ( -b) [200) (ob]

Exercise: show that every
interal is one of those,

Ery interval is connected,



Lenna : Every connected subset of 1 is an interval.

(ad have the connected subsets of 12 are precisely the interes.

Pf : Suppose AIR is not an internals Have there exist

abEA with alb and < with a<cab and A.

elemea !

Let U= (00a) /A and V = (c,) /A.

Clearly W and V are disjoint and are open in A.

Thoug are conempty since atU and bEV. Since OUV=



=(d)lt
= A

souce <A, the sets Und Vae a separation ofA.

-opposef : It IR is continuous wat I FR is

an internal . Then flI] is on interval
·

Pf : Observe that f(I) is connected since intervals

are connected and since the continues image of a connected

Set is connected
.
Here f(I) is an interal,



cy(A) &
:n X

Proof at Prop (AEBEA, A corrected B is concated)
discont

Suppose U and V are open subsets of B that cover B

(ie
.

B = UU V) · Job : Show one is empty land the other

WLOG we can assure
AEU.

:B)
Since AEB)is connected in B it is contained in oneof

Uo-V . Obsece that U is closed in B Cits complematis

V which is open), Therefore alg(A)
& U . AGBAX

But <(A) = c(y(A) &B = B.

So U2cB() = B . D



Prop: A quotient of a connected spaceis connected.

19 .
m
. => Its

XEgy π(X) = Y
M

Connected

-XtrcdectsI clamm that if X
, Y are connected

then XXY is also connected.



X+&
Y S Y=4

# Pick xot X

S= π['(Exo])
y

Claim S is connected

D ix : Y= S
Yo X =xo(y) = (xot)

XxY x(Y) = S
For each ye Y, let Observe each Ty is connected

Ty= (43) by a similar argment using the
connectivity of X



Let Ry = Ty US . The By is connected

since each of Sad Ty me and since S1Ty =Elon
Observe URy = XXY.

and &Ry = S && Since it $

~

To XxY is a unios of connected sets with a portaa



&

XD&
Xo


