
Exercise : It Xs Y
,
a sorjection , is a quotient may

if it is continues and takes saturated closed

sets to closed sets
-

(continues sorjections that we either open on closed

maps are quotient maps)



Eg : [0,1]mS'
2 +It

E(t) = e

I clown E is a quotient map.

It's evidently continues and sojective

I claim it is a closed map.

Suppose VE [0, 1] is closed.

To show ECV) is closed we need only show

that it contains its sequented limit points
Consider a sequential last point p of ECV) . The



there exists a sequence Pin &(V) converging 10 some p.

Jobi peE(V).

For endek we can pickEV · with Ea = P :

Now EE}, is a requence on [0, 17. C
ByThe B-W theorem there is a subseques

&- & E 10, 13 for some g .
Better Man that

, because

each [tV and because Vis closed
, ge

V
.

Than PK; = E() -> E(q) G (V)·



But Pr - p as well . So peacV).

FLOQT)
Suppose it : Xo Y is a quotient map, is a space,

and : 4 > E is a function
.
Then

↓ is continuous if

T* and only if F := fort is

Y +z
f



Thum : (Descending to the quotient)

Suppose It: XeY is a quotat mod Fix - Z

is constant on the fibes fit. Then there exists

a unique
fo : Y -> Z such thatF fott.

Moreover
,
f is continuous it I is.

F
Y
= 47



Thm : Uniqueness of Quotiats.

Suppose ITE :X- Y: are quotient maps that make

the same identifications (t ,
(a)= (b) =T Hiz(a)=z (b).

Then Y
, and Ye are honeomorphic by the map taking

my N
, (x) to (x),

T
X Pf :

Because its is

G Liz Ii constant on the

# Fibers ofMY Yz
He descods to

----Y, Ye
a continues map fie:Ye

fiz



Conversely There isa continues fai 12- T, with

/

e
Y --- - Y
fa

Observe : fee (fiz (n, (x))) = fac (nz(x) = m, (x) ·
Since it , is surjective, fulfir(y) = y for all yeY.
The argument that fin(fe (2)) = E for all ZEY2 is similar,

D



20, 13/- On gi
u

I
it and I are goun thatI

make the sure identifications

X So II ~ S.

Imr Si

~motient maps are unful Quatraksof Hausdaftspaces
need notbeHausdaff
-

Quotients & locally enclide spaces
- need notbe low-end



Quotients of manifolds need not
be manifolds

Exercise: A quotient of a Lindeloff space is Lindcliff.

Exercise: If it : X- Y is a quotiat map and

Xis 2nd countable and T is locally qualides
then Y is 2nd countable·

Hin-



But * = R+ 1503

Any of 3320 with my
·

Y
·

X

A

Dem 1
*/v is homeomorphic to?
-

going pint g is
ots as if i

guk a composition of
Y

its functions



put

↓ F(x)=
Y- S Is I constant on the fibes oft?

f 230

X & (xy)=)

F(h) =F(y) = E is count on fibers,

SoF descends to a continues map f : T - S"

f(g(x)) = f(+ (i(x))) = f((x)) = F(x)=m =X

↑ souce X+S.



g(f( + (x))) = g(F(x))
= g()
=(()
= ()
= π(x) since 70 .

Hence gift


