
e
. g: D R

,

B = E(a ,
b) : a sb3 (those are exactly balls

2) R B' = &(a,b) : a(b
,

a
,bQ]

Bis contained in the standard topology
If U is open and paU , is a

p = (a, b) = U.

Is al
,

b' = Q
, pe (a', b) = (ab)EU .

2) Alt
.

HW : Ig is
the smallest top that includes B.

Evidently B' is a probasis. BaBEZB
= TB = TB .

Each (a
,
b) e B is a union of elements of B!

So B = TB1 .

So IBE Z :

3) X my set B = EEx : xX 3.

Prebusis ? &
open in discete? yap

TB is discrete. every open set a uman ! Tap.

4) X my set B = EX3.
Prebasis?
EB is indiscole .

Inin

n
a

set
a unca?



5) R
,
B = E [nd) : <<3

Prebasis? (R = U [ -un).

If B
,
BzEB Ken BilBzEBor is empty.

So B greates [B .

Note
,

[P, D) is in ED

but not in E .

So EB * FIR

But (a
,
b) is a minan ofsets [an

, b)

So TREB .

This is a strictly fire

topology . (Lower limit topology Reh.

FIRE FIRe

More open sets =7 harder to converge.

Xn = - In X30 in FIR

X +50 in FR

([91) is an open set about 0 Out

excludes the entire sequence . )



Def : A neighbrowned base at x X

is a subset EN-81) such that

for all UEY(x)
,
J WESU

,

xeW = U
.

(In particular, 8(x) is a bld base;

but its not the only one.Ignore previous deft)
(8(x) -> neighborhoods of x &- voisin

Def : A spaceX isFirst ctable If each xX

admits a countable abled base.

E
. g. metric spaces areItcountable. [Bu(x) : re Q

,
so

Indeed
,

it's hand to find examples that are not (HW)

Def: A ubld base &W 3 , is rested if

WKz Wj wherever K38.

Lanna : If xeX admits a countable ubhd base
it admits a rested countableubled base.

Pf :



Wien
alter detent too

properties by sequences.

Ei g .

Prop : Letbe 1st countable and let VEX.
Then p is a contact pointiff there is

a seg
in V converses to p.

Pf : (Non trivial direction).

Suppose p is a contact point and let

Eg3 be
arasted ub base ata

For each b pickWK V·

Let O be
open about p and find WK

, WKEU .

IfK3K
, PEWaWy@Uo

So Rat p .

See also Prop 2
. 48 (We effectively just proced !.)



We had noted that Hausdofness ensures richness

We will often restrict richness via the size of

a relevant busss.

Def : A space is 2nd countable if it and mots

a countable basis.

E
. g
R ((a ,

b) a
,bEQ)

Exercise : R" is 2nd countable. (rational radii
,

rational cards)
Exercise :1R

,
discrete not 22 countable·

Challenge : Re : 2nd countable or not.

-
Discuss !

Evidently 2"countable => 1st countable
,
but not vice-versa.

It's hand to motivate the value of 2nd countability
,

but here's an example.

Prop : If X is I'd countable it admits a countable

dense subset.

Pf : Let EBi] be a countable basis.

TrendP. dam,
UE(p).

Since PREREO, UnV#.



Remark : A space admitting a countable dense subset
is called reparable

~Let AX .
Aneof A is a collection &

of open sets such that A EUG
.
A subcover

GES

of St is a subset &'EA that is still an ope core.

Def : A space is Lindelof if every open cover

admits a countable subcover
. (kind

Prop : 2nd countable spaces one Lindelof

Pf: Let EPaBaet beon open cover.

Let B be a countable basis and let B'B

be those elements that are contained in a set UC
.

For each BeB', pick ap such Mat UaB.

I dam [UaBag is a core of X.

Let xeX
.

So x+ Up for some a
.

So - B,

xe BEUa But then XB
·

-



Manifolds :

Def
:Aspacesly ideaof dimeneple
to an open set in IR"

Exercise: equivalently : home to B
,
10 = I

home to IRM

(B ,
(0) ~ 1"

!)

One might be tempted to study loc
.

eur spaces,
but

tha are pathologies.

There are loc Eve spaces that are not Harsdorff.

Execuse : Every 100 Gue Space is 1st countable.

But it turns out that loc E spaces need not have a

countable dese subset.

Exercise : A loc Euc space is separable iff it is 2 countable



of dimasian a

Def: A manife is a topological space that is

a) Loc eve of dimensiona

b) Hausduff
↳ hallanceof nich fine.

- 2 countable.

Prop: If UEIR" is open, it is
an

n-manifold.

Pf : Evidently Loc
.

Eac.

Hursdorff : V
,
We V= v10 W= W10.

countable basis : B'= &B = B : B = 0 3.

open in U ? Yup !

If WeU is open,
it is a union

of elements of B and Lace B


