
Lastclassi

Defined continuity, and gave examples.

fix-Y is its if f" (U) is open in X whereve Vis open
in
Y
.

We'll be working with preimages a lot, so the following facts

are useful :

f)

f=A

f"(A)) = f(A)

The forward version is trickie

f(ta) = G f(ta)

but f(+)+f(t)
f(A4 + f(A)



Exercise :

The first is a containment
,
and the second

-also with m scrjectivity
Impoa

Then U inherits a natural topology
T = Ev : Ver

, Vee3

Easy to see this is a topology

If f : X-> Y is continues and UEX is open

Than fly : U- Y is also continues

Indeed
,
if WEY is open,

flo" (w) = f "(w)l)

which is open t.
Gimportant

words
.



We have a strong converse
, effectively that continuly

is local : If each PEX has a blud an whord

fis its, then f is its.

Prop : Suppose fix- Y and for eac ptX
the exists on open set Up containg ↑

suchPhat flop's continues
.

The fur

continues .

Pf: Let WeY be open . They

f" (b) = X 1 f " (6)

=(Exup) ef
"()

= O(Upff"(w)
pEX

= dex Flip (w).



Each f"lpj is open in Up and house also

open in X . So fold) is a mom of open
sets in X und is open

-

Topological spaces admit a notion of someness.

Dot : fiX-Y is a homenphism if

1)It is a bijectrey

2) it is continues

3) its inverse is
also continuo.

For example : R 13 homeomophore to (1)

f(x) = aucton(x) is a bijection and os

f"(x) : (i) -> I is tal)
,
who as,

In fuct homeomorphism yields an equilece relation of
top specs : XNY and YME- XvE, ec .



It might be had to visualize the mode of failure :
interesting

the continuity of the inverse,

2. g . f : (0, 1) +> S = EzeR: /z= 13
(metme spaces)

f(x) = (10s(2x)
,
sinCitx) is continues.

(rhy ?)
And it's bijective.

But on your homework you showIs invesis

not continues.

Now just because this I didn't work we can't

clone that e exist. But later in the class

~

We'll be able to show thesespaces arenotto

Def: Given two tap spaces - and to
,
we say

I
, isform Mon E if I, Ez



The fire a topology, the easie it is for

f : (X) -> Y to be ots

The course
,
the easie it is for

g : -> (X,2) to be to

In fact for
my tap space is

Xisa& Xind are always ots.

However: If X has
more then one elementthen

f : /Re Yois and

9 : Xind-1th area ET

they are constant

Schallenge!

Anyway : good top spaces strikea balance between

being too fine and too course.



To prevent beng too course:

Def: A topological spaceissoft of

for allbed thee existblog
as Us

of a
.
b with UnRU= 0.

Um

⑭ (Sislators arefor
apart (

If X has more then one point. Xind fails

espectacularly) to by thusdoff.

Every meture space is Housdorff:

Cori Erytics Space : Hurscoff

Cor : An indiscrete space with more theae

point is notmetricable.



Conversace of sequences.

A sequence-Ex3 in X es dox if

For eng open set U century x The exists

St
.
ifN
,
XtU ·

Exercise : It X is a metric space, This is the
usual rotar of coresee.

Prop: In a thusdoff space limits are unique

Pf: Suppose May and zet,

End UV, UN= yeO, zeV .

Pick N, naN-xet U. Than for all Mul
, X*V.

So neE(if- the infmay tasaciV).

Prop : In thusdorff spaces singletons and free sets one

closed
.

(This is a reaker projects T. %. (Hursdorff is Tz)


