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Motivating Theorem

Suppose d
,
and In are two metrics on X.

Then TFAE

1) For all sequences Exit, if x X
,
then ME,

2) For all functions f : X-IR, if f is its
writ

.

&
.
the f is its wint dz

3) For all UEX, if U is open wintid ,

Than U is open wirtd

4) Bo all VEX, if Vis closed wotd

then U is closed wat da
.



(

In particular : two metrics detence the same corresent says

ET

detemen same ats #-I

=
sure open sets

=
some cloded sets

,

One might hope to add> they are equivalent,

in which case the right object of study might be

equivalence classes of metrics. But no

d'(xy) = /( eds) = (e+-ex

Exercise : Show d' is a metric
,
but not equivalent to the

standard metric.

We'll shortly have a good tool for seeing that this
metric genentes the same open sets as the standard
metric

, though



So we're going to dump thenotion of metire

entirely , and use property B as
the foundation.

Def: Let X be a sat.
.

A topology on X is a

collection [ of subsets of X satisfying

1) T= EX
,
%3

2) If [VaBaei
, VaeqUa

3) If SU MUET

We call the elements of I the open sets of the top.

We call (X
,
2) a topological space (nd

drop T when it is implicity.



Weshould verbythat
the

open sets ofeas

1)O and X are open .

2) Suppose [UaBaet is a family of open sets.

Let peUUa . So] El with peUd

Since Up is open, there exists20 St
. Br(p) = Val

EUU
.

3) Suppose Uy--, Un are open. Let pelU

So for each k
,
Jr
, Bra(p) = UK.

Let r = min(r
-
-

,
m) .

Then Br(p) - Brp) Ok
for each k and Bulp)U



Every set has two important, natural, and uninteresting
topology-

1) The discrete topology : I= P(X) .

Singletons are open sets !

(Easy to verify This is a top

2) The indiscrete topology T = &X, 03
Trivial to verify this is a topology.

Sometimes called the triviallop.

Exercise : Show that the discrete metric on X
generates the discrete topology.

On the other hand
, suppose X = Ea, b3 and

give X The indiscrete top . Does this are

from a metue on X ?



No : Let d be a metric

Let r = d(a,b).

Then Bry(a) = Sa3-> not in the indiscrete
top,

So the study of topologies 33 stricty brodger then the

study of metric spaces.

can
Exercise :a) X, of We

Recall deMagan's Laws : (a)=t

(1)
(in visation

,
F-3

, 7-F)



Exercise : Use deMorgan's Laws to prove
that

1) An arbitrary intersection of closed sets is close

2) A finite union of closed sets is closed.

E
. g.
In a metric space, Br(x) = Ey : d(x

,y) >n

Exercise : Br(x) is closed
. (Use& meg)

We call In theAlosed ball of radius r
.

In R
,

Br(x) = (x- r, x + r)

B(x) = [x - r, x + r].



A set is a pile of objects withoutstructure.

A topology on a set encodes a notion of adjacency or nearness.

To formalize this we introduce

Def Let AEX
,
a top space.

TheAnterior of A
,
IntAt is the union

of all open sets contained in t.

The closure of A
,
A is the intersection of

all closed sets containing A.

Evidently, the interior of a set is open, and the exterior
is closed.

Exercise : The interor of a set is the largest open set-

it contains. The closure of a set is the smallest
closed set that contains it.

Exercise : A set is open iff A = Int A.
A set is closed iff A = A

Def : A point xeX is a contact point of AEX
if every open set V containing x satisfies UNA*0.

Note x may or may
not be in A.



E
.S . X = R A = (11) . The set of contact points

is [1, 13.

A = Q. The set of contact points is IR,

((x - 3
,
x+2)1Q +(V230)

Prop : A is the union of contact points of A.

Pf : Let A denate the sat of contact points.

Consider Get ? There ison open set (

containsa such that USA = 0
.

Hence USA = 0

and a is not a contact point. I. e . **A)" and

theter As.

Now
suppose XIA . Then there is on open set 0 with

x + USA% Let V= UY so V is closed and

A = V
. HereV o

Since X*Y
, X&1.

That is CALCA) and AZA!



The contact pointsAbe the points in or adjacent to A.

Def Theor of A,Ext(A) , is XI = I !

That is
,
xeExtAE> X is not a contact pt,

- Vet, ye , UnA
= 0.

These are the points not adjacent to A.

Thisrotion of all the open sets containing a point
shows up frequently.

Def : Let x + X
.

A neighborhood of x is an open set

containing X. The set ofall open sets containing
X
,
thewushbourheard base of x is denoted U().

What is a point that is adjacent both to A and toA?

these points are in E and m A

Def : The body of A is l .

Exercise x6 UeWe)
, USA
USA +&

,



Observe : The bounday of A is closed.

There is mother w
to express this.

I" = Ext(A) = 1 = (Ex+ 1)
*

#" = Ext(Au = A = Ext(At

So : GA=l

= Ext(A)" (Ext(A)
= (Ext(A)0Ext(A2)]a
= X)(Ex+ (A)(Ext (At)

Moreove : x- Ext)> -UEN(*)
,
Uz(AY

= -Uef(x) VA

ET Xe Int(A)
.

So 2A = X) (Ext(A) (Int(A)).


