
Is M continues with respect to distance?

No.
fact)= X

fu-> 0 f-0

M(fn) = 1 M (f) +s M(o)

M(o) = 0

Exercise : M Is continuous with respect to

1 distance

Note however
,
that the metric is showing up only

indirectly in themotion of continuity viaHe
notion of con regent sequences.

It could be that two different metrics determine the

some corresent sequences .
(in which case it is easy to

see they determine the some convergent functions).



Trivially, one could simply scale distance

d =ddz = 5d

Its easy to see xnex ET X X .

&, dz

More interesting : our friends &
,
by
,
loo distance.

Lemma : Suppose and d'are metrics on X and

there exists a constants I such that

d(x,+) = Cd'(x,y)fx,yeX

Then if
xnxex

than
xn ex

Def : Two metrics bed equivalent if I

cd'(x
,y) = d(x

,y) = (d(x,y) #xy =X.

Equivalent metrics detemme' the same conversent

sequences (and have the same conversat functions



I claim disde and doo are equivalent.

Indeed :

Exercise : do da, daE doo

do Ed
,

d, 2 doo

So these metries all determine the same convergent
sequences (and hance the same convergent functions)

Convegence + continuityme more primitive notions

then the metric itself.

Last class : a) If two metrics determine the same convergent seqs,
they determine the same its functions

6) Equivalent metrics determine the same

convergent sequences . (and hace same ots functions)



Def : Let (X
,d) be

a nature space. Let x*X
,
and letmid .

The ball abcont x of radius I 13
Kope)

Br(x) = EyeXd(xy)

e .g. 1) (R , 1 :)

B
,
(0) = (- (1)

2) (IR
, dz

B(0) = 3(x,y) : (2 +yz)"2> 13

t



3) (Ridoo)
B

, (0) = Ej(x,y) = max((x -d, /y-0413
=E(x,y) = max((x)(y)) < (3.

#
4) (R

,
d

,)

B, (0) = &(x-z) : (x) + (y) < 13.

in first gundet : xAY) xy=x



Def : Let (X,d) be a metric space.

A set AEX is if Fac A

there exists r3O such that Br(a) A.

D
e . g. [03ER is t open, nor s (a1.

Exercise : A ball in a metic space is open.

(Use 1 mey
!)



Exercise : Suppose o and d'one equivalent.

Then UE
open writ I iff it is open

with respect to d

⑧
&quivalent metrics determina same open sets

.

↳



Def : Acct AEX is closedif A CX1A)

is open.

The complement of a ball is closed.

Exercise : Show (00, -1) is open and (1 , 00) is as well.

Show that the urion of two open sets is

open ,

Conclude [bD] is closed.

Every metric d on X detemes the collection I of

open sets on X 1
and the set a of closed subsets ofX.

Clearly 2 and A me closely related) of you know z

of A
,
the yar know the other

.)

In particular, equivalent metrics determine the same closed sets.



We have seem : if two metrics are equivalent

1) They determine some convergent sequences

2) continuous functions

3) open sets

4) closed sets
.

This suggests there is a more fundamantel notion

than distance.

A good first guess would be

to study equivalence classes of metrics.



·

Motivating Theorem

Suppose d
,
and In are two metrics on X.

Then TFAE

1) For all sequences Exit, if x X
,
then ME,

2) For all functions f : X-IR, if f is its
writ

.

&
.
the f is its wint dz

3) For all UEX, if U is open wintid ,

Than U is open wirtd

4) Bo all VEX, if Vis closed wotd

then U is closed wat da
.


