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Exercise: [x]" =[an] 1

The:i, (81) is infinite cycle with servator [a]

(equality 1 -> i,(st)
n t[aJ" is a sep,so)

Pf:Define j: R -> i, (s, D by j(n) =[a],

Observe j(n+m) =[0j(+) =[a][x]M =i(n)i(m),



So
iis

a group homomorphism.

To see that; is subjective consider [5]->i(s 1),

LetIbofa stating at0,->

I
↓a-

1-
Letn =F(1).

LetH1s,t) =(1-t)5/s) +tns y
Observe thatit is a path hamotapy"

Moreover GoH is a math homotopy from - totheins



<no So [f]=j(n).·

To establish injectively suppose j (n) =1 =[1]
= [20]:

We need to slaw n=0. Let Hbe

a pathhematory far j(m) to 250], ie, frm [an] to [ar].
20

# By homotopy lifterswe obain

#: Ix1 -> R with doF =H
an

and such that #/0,0) =0.

Using the firstthat costal lift to constants

·it we obti i =0 in three sides,

In particular F(1,0) =0.



ButF(s,0) is a liftof an status

at00 Hace [(s,0) =ns. Since II,0) =0

carcadeitsee
of 8 of
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LetG, and G be grapps G1Gz= 0 forsplicity

at*A word in GUG is a finite tople,

possibly empty, (9, -.., gn) with git GUGe

We have a product on words (9,...,9n)0 (hy ..., hm)
= (91s --,9nshs --, hmbe

9,9t G,
9,92-..9n

(5) (g)) =(59)
↓

(9,9) + (10)
1-,1c)



Elementaryreductions

19.
-- Sin, tax sans--,9a)- (9.9--, i, Gas---,9n)

If 95, BiH EG,

(91
---, 901 95, 9071. ...,9n)- (9, -, 9i gigitig ---- an)

We say words W, WI are related it there
is a first sequence

W =Wi, We, ..., Wm
=W'

Such that for each;there is an elemently reduction

taking WI toWit or vice-versa,



Exercise: This is an equalence relation,

Def: GAG (thefree product atG, with Gn)
is the setofequivalence classes of words

in G, UG under this equin, relation,

We define a product on GA Ge by

[]· [Wr] =[WiWe].
wi

Exercise:this is well defined, [Ca)]= [il]
The idently elementis [()]



If W=(g, . ,9n)

[W]=[ (s,...,gi)]
[W] [(an!..,si)]

= [(e -95),--.,gi)]
=[Ce,,..., sngs-..,git)]
=[(a, ...,1G --(,)]
= [(s,

...en,get ...9,



"

I [(9,x9,)]
I [(1)]
I [CI].

Assantity. ([W,][We][Ws] =([W,W2]) (W3]
=[(w,we)Wa]
=[wwes]



If g, 7G, and
94 tGz 9. FAd 9E id,

is9,92
=

929,

Nob

We say a word is and if itcontains no

identify elements and no two adjacent entries

come from the same group,

Clamn:
every

word is related toa me

reduced word,

Plan:I'm going to build

:2 - R



↑ ↑reduced wordswords

such that1) r(W) =W if Wis reduced

2) r(w) =v(w') if wew

If I do this suppose W is related to

thereduced words V, W

Then Vr(r =r(w) =r(V) =V


