
miningLemma If X is a locally compact Hausdorff space

and UEXis open
and x=U, theexistsapopen

setV such that xeV=Y =U. precompact

⑱
X
Pf:Let xand U be given as in the

statement. Since X is LCH - Here

is a precompact open setW containg x
X Observe IIU is a closed subset ofi

and is have compact. Since X is Hausdoff

B there existdisjoint open sets A adB⑧ ↑such that x2A and WIV = B,

W
A

andsee



Let V =AMW which is an open set that contains x.

Observe thatI since V IW.

Moreover, since V =A & B it follows ButY =B'E(wir
& alosed!

Here I =WA (WU)
"

= w (Us
= Fl(wv)
-notU(wnr
= W1V =U.



Leuna: Every closed subset. of a LCH is LCH.

⑳
Prop! An open

subset of a LCH is LCH,

Pf: Let U be open in theLCH space X.

Suppose XEW. From the shrinking lemma we can find a precoped

open set V =U such that cl(V,X) =U.
Now al(V, UL =cl(V,X) fU =c(V,x).

Moreover al IV, X) is compact with respect toX and

have also with respect toU.



Cow: Every open subset ata compact Hausdoffspace is LCH.

In fact, given a LCHX there is a compactLusdarff

space X*such that X = x*(with the subspace top)
and X*IX has justone point, lone-point

momissionsnatural and regular spastificatiol.
generalizations of Hausdoffness

⑧
· Urysohn metrization therem

(gives decent sufficient conditions for a



top space to be metricable)

(2nd countable +regular) =7 (2"Ponluble+noral)
· Unschn Lamen

⑰ 1xf -(3M)

↑ f:X + [0,1]
f
-

(3037
This is possible ifX is normal.

· Tycohoff'sThemem (m arbituryproductat

compact spaces is
compart).



Homotopy

R'* RY for no I was a connectivity augment

X- Y
f, g

We say fig me more if thereexists

a continuous map H:XxI- Y (I =[0,17
such that H(x,0) =f(x) for all xAX we call H

H(x,1) =g(x) for all xcx, I a motopy
framo to g

"I can be continuously deformed into a
"



I" -> Y

8

f X

e.g. X =Y =R H(x,z) =x (1 -t)

f(x) =x RxI
g(x) =0

H(x,0) =x.(1 - 0) =x

H(x,) =x.(1 - 1) =0

-
0



12 P (p(x) =px

↳ H(x,t) =x(1-t) +p4]
"The identify map on R2 is homotople

to a constut"

S

is not hanotanic to aconstant... We'll see that id:s'-S

⑰

A



Homotopy defines an equivalence relation on thecontinus
functions X- Y. I
fef H(x,t) =f(x)

Iffing thengef
9 I

H -
f

G(x,z) =H(x,1 -t)
(x,t)- (+,1-t) - H(x,1-t)



If fug and gun is fel?

h

Hi a *
I

H(x,t) = H,(x,2) 0 t1- Hilx,1) =g(x)

E H2(x,27 -1) -21 - H2(x,0) =g(x)
By Gluers Leane, It is continues.


