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We say that a meterstently in a setw

If for all GoCAthere existsa 40 with xxtW·

oXbe a top space and let xaheAbe

a netinX. Then XEX is a cluster point
ofthe net if there exists a subnetconesty
to x,



Pf: Suppose (XapYBEB is a subnetconverging to somex,

~>
of the original not [XnTeA·

We wish to show x is a cluster point. Consider an

open setU contains xand some indexnotA.

We need to show that thereexists ax,90 withxatUo

Pick , i B with, So (cofinality) ·
Pick by in B suchtat if BYBz thenYapEU (convergece).

Pick in B mitt ?, and e (directedness.
Idare xxpyt U and abs" No.

Indeed X
zt U since Yze

Moreover &3, so CB3Y 4B,Y400 (increasing).



Conversely, suppose x is a cluster point of xaTacA.

Job:find a subret converging to X, Lo
Consider B =[(U, a) =f(x) xA: xxEU 3.

We make this a directed set vic

(U,,x,) >(O2, n) if U, E Un and x x 9.

Given (U, on) and (Vessel in B let Ug =UiUe.

Pick & with *
3a, x2. Now prek C3 & (Us,)E

with Xas* Vag. Then (Us, 13) IB and xU3

[V3,g) >(Ui, 95) i=1, 20



Consider the map (V,9) -> x,

This is clearly increasing. Itis cotinal because it'ssarjective

((X,c) -B for all atAL. Hace we have

a subnet(XapYBEB.
We daum Xa -> No Let W be open about X.

Pick U with Xyt W;such a U exists since

xis a cluster point. Suppose (U,C) >N.
EB,

Than xx(,) =UW.
I



Prop:Atop space X is compact if every netin Xhas
-

a cluster point.

PS:LetXbe compacthadabetbe a not

MX. LetFn =3 xB: >3. The sets

Es are closed and satisfy the finite intersection

property. Indeed, give Es-.,fan we can find

&*a..., an andXa*G E, i= 1, -.gne

Since X is comparts A Fa F%. Pick some

x in the intersection. Iclawm xis a cluster

point. Let U be open
about x and let GoA.

Since x&Fao,93,403 itis a contact



pointofexoby. Since U is open aboutx

itcontains an
elementof. I.e. U contains a far

some 27,400

Conversely suppose X is not compact. LetEUax =A
be an open cover of X with no finite subcover,

LetB be the set of all finite subsets of A.

For each E B Iso =2...., an3) prek x
with x Vaio Note:B is a directed

setordered by inclusion:Bixz it B, IRz.

Conside thenet (x)BEB. LetxeX.



To see that x is not a cluster point pick

No such that x & Vao: Suppose BC, E603 B.

Then GotB and hence XB* Uao
So xis not a clusterpoint.

-

is
compactEt evy net in X

has a carvest subnet.

Compact Hausdoffspaces are fantastic.

Next best thing:locally compact hasdaffspaces.



Def:Aspace X is locally compact if for

all x=X There exists an openset U

and a compact set K

-tht EUre
We say a set ACX is reactif Iis compact.

There'sno solid relationship between closure and compactness
homever unless we assume something additional about.

We'll assume that it is Hausdordf,



Ina locally compactHausderff space, each x

on X has an open set U aboutitwith I compacts

Leray pointhas a precompactneighborhood).

x = U =K, K is apt => closed

=k

5is a closed subset ata compactspace
and hence apati

Prop: Let X be a Hansdorffspace. The TFAG:

x =u =t=k
1) Xis locally compant.

2) For all x2X there is a precompactopen set

containing

3) Xudmits a basis of precompactsets.



Pf: 3)2> 2) => 1) one all easy.

We'll show 1) =>3),

LetB =I BEX:B is an and B is compactly
To see that B is a basis letxeX and let

O be an open set conture X. Sie B consits at

open sets, to sham B is a basis itsuffices to

show there exists BEB with x- B =U.

Pick som BC B with XeB;this is possible

since X is LCH. LetB:W 1B. Clealy xaB,

Moreover B =TTB =B which is compactas BEB.

So B is a closed subset of a carpact space and is spots



m
and to BE Ve

R x +IR

↳ (x- 1,x +1)

* R*"s'
↳a compact hausdoffspace,


