
Quotient spaces are awful.

Aquotientof Hausdorffspaces need notbe Hausdorff,

[ ... Locke.-..-- Las Lar

..
munfold... a manifold

-

If B is a bass for X, [i(B):B =BB
need not be a basis for X/ow.

Lemma:Aquotientofa Lindelof space is Lindelof.
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Exerase:If it:XY is a quotientup and

Xis 2nd countable and Y is locally Excludes

ten Y is 2nd countable.

Clow Guct lind-> 2nd countable!)

Of ofLeama:

Let3Ua3 be an open cover of Y

Since X is Lideloffwe can reduce the open cover 55( UaL3
of X to a countable subcover Six(Yash'

1-PN

Then i =x(x) =i)U+"(Van) =i(TCUVinh)corative
-I Un



Connectedness

Def: Let Xibe atop space. Amemoof X is a

puit of disjoint, von empty open sets U,V

such that UUV =X. Aspace is disconnectul
ifit admits a separation. Otherwise it is connected
-

E.g:I is disconnected,

503, 7\E03 is a separatis.

&is disconnect

V =k1(-0,() V=k&(02,00) is a spation.



Prop!A is connected.
--

-
Pf:Suppose UIR is open, OF4and UFIR.

We need to show thatI is not open,

Pick xEU and yeU? We will assure xcy;

the other case is proved similarly,

LetW =Sw= U":x <w3 .
Then W is comety (of carbons 7)

and boarded below by x and hence admits an infimu. V.
(w-E, v+a)

From elementary analysis ever internal [V, v+2) for 270

interses W (few otherase +"/2 is a lower bad for LOL,

Hee VAU as U is open. Here x <U since XV

(x is a lame band for () and since x+ V.

Butthen (X,v) = U Sowotherwise v is nota lower band



fer W. Butthen every interval (v-a, u + e) intersects U

-isatintheinterver ofwaitare
is

not
an

ene
Cor:Open internals in Ione connected.

Prop!If X is connected and fix-gy is continues and

sorjective then i is connected,

Pf: Suppose fix-Y is continus and Y is disconnected,

LetU.V be a separation of Y.

Then flU), f(U) are

· open Continental

· nonempty (sorjectivity)



· disjunt (settheoretic)

Moreover, f"(0)0f"(r=f+(0UV) =f(4) =X.
30 X is disconnected,

-

image of a connectalspace under a continues

mup is
connected.

Cor: ⑰] is connected. N
A-B =A

Is commente rente



X
Note:Aspace is connected ifthe only subsets ofX that

ans both open
and closed are X and 0.

Prop:If A&Xis connected and if U and V are dissont

open setsin X such that ALUV that

ASU or ACV.

Pf:If AMV and ASU are bothconemptythe

Myform a separation of A. So with AN or ACU.

Exercise:is ofconnected?



Prop! Suppose EAaBxaIis a collation of connected

setson X. If Aa FO then UAx is

connected,

[themen atcommented setswitha single point in common is connected]

Pf:Let A =UAs. Suppose U, V are dispot open sets

in Awith A =UUV. We need toshow that

one ofWon V is A and the theother is therefore empty,

Each As is connected and is therefore either contend in 5

or in V. But all theAn's have a point in common

and hence must all be contained in the same option of



-

Than AGUIA, So U=A adV=d.

I
-
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