
RIgl put*
π,(xx) =π(x)

4, ↓in ↓M ifX= 0

Rp"-sil Rpu

f(g(+(x))) =π(i(p(x)))
-π.(i(π(,))
=π.(i11)
=π,(x)
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#2↓ ↓T hin
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g(f(T(x))) =Tz)p(i(X))
-π2(p(x))
-Hr(π)))
-Hu(x) (((x)) =1!]
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① hotientMap.

X has set
space

Def:The quotienttopology on induced by is

&UKY: π "(U) is open in X 3.

Exease:This is a top.

If Xhas an enaivel. XI
↳

the artisttopology induced byπ
is the familar quotienttap, alway

defined,



Note:If 1: X- Yis a sorjected they
X acquires anequiv.netx,vx iff π(x) =π(yz)

x*-y If Ihas the quotient top,
N(m we'll shortly see in X/v.

⑭andI are spaces and #: X-Yis a

sonjection we say iis a motient up if

The topology on Y is thequotient tapology induced by

map 50 its.



Prop Amap π: X-Yis a quotient may inandaily if

it is subjectivecontinues, and takes saturatedopen

sets to open sets.
Cts,
↓

Cor: subjective open function are quotient maps,

Pf:Suppose it is a quotistmap. Itiscontinuous and

surrective.Suppose UXis saturatedand
open.

Then U=π (W) for some WET. Moreover,
W is open in since

Yhas the motiant topology,

But(0) =π(T
"(W) =W since it is a subjectives

·

So πtakes sutanted open sets to open sets.

Conversely,suppose πis continuous, sorjective and lokes

Sot. open setsto open set.To shown it is a gr

we need toshow for all AIT, T(A),s open



iffAis open. Well, of
A LY is open then HYA)

is open by continuity. On the otherhad, suppose it (A)

is open. It is also saturated. So H (TT"(A) is
open as takes satopen sets to open set,

But H(T"(A)) =A, so Als open,

⑰A =
X/w is closed iff TMA) is close

an suitaly for quotient maps,

HW:Asonjection is a quotient map if ittakes

continues satunted closed sets to closed sets,

Cor:A sonjective, itsclosed function is a

quotientmap,



[01] -> s
Excuse in analysis:E is

closed,
E 2πix

X - e

G is also a subjection,

So I is a quotingmap,

[0,1],nOwl

[0,l]

"Y ↑
si

[0,I/w



Then Ourqueness of Quotiats

Suppose πi: X - Y: i = 1,2 are quotientmaps

thatmake thesure identifications. I.e., M1 (x,) = i, (xe)
ifand only of 42(x) =T2 (x2). Then Y, B

honeomorphic to Ye by the map taking any H,(x)
to t2(x).

Pf:
Since is makes the same identificatives

+(* as it, itdescends tothe quotia
as a continues

map f,z

Tr -I
YA similar ansuntshows its descends

to a continus fr.1:42 -Y,.



Moreover fx(fusz(π.(x)) =fz(Tz(x))
=π.(x).

⑮Smilely finCr(iu(x))=T(x)
Yc
-

11
- 1 for all xt X.

So fe =firt

xshow thattheCPOThaldes for quotientmaps.

It is a good,
n+I If& is atand cruston fibers
ofit, itdescends to a

Y+
z

itsmaps


