
First countability:

UpEX Tees a countable collection [Uk3 of

open setscontuns p such thatforall open

sets 0 contains & There existsK with

pz Vkz U.

⑲
Firstcountable spaces:1 XE (x-h,x+h)

metric spaces On =B,(p)

Xdiscrete.



Def:A notedads at PEXis an

countable whichbasis atp 3Vk' with

Win = Wpforall k. (k3k=> Wk =Wkn

Laaman:Apoint PEX admits a countable whole basis

if it admitsa rested able basis

if:(ofno obvious direction

Suppose GWK3 is a countable while bass at p.

For each a defore WK =vi. I dum that she
J =1

is a nested abled basis. Clearly this isa countable collection
ofrested

open sets and here itsuffices to show



that it is ablue basis at p. Let U
be

can open setcontains p. There
exists some he with

pxWk=U. But CEUsso paNk=WhIV,
B

↑

cntable spaces we can frequently argue alotclosures
using sequences.

Lemona 2.48 in the feathas several flowers of this,

Laman:Let X be first countable and letAX.

Then PE Aiftheexists a sequence not

coneging top.

Pf:If a sequences in Acauses top then pis a
-

contact point of A and Lake pe A,



Conversely, suppose PCI and is hose a contactpoint
ofA. Let EUR be a restedable base atp.
Since
is a contactmount atA. for each Kwe

can find ap -> WRAA. To see thata,esp

let O be an open set contains p.
There exits a

WK with pzWk = 0. If k>K then

a,< WkEWK =U. D

Itis hard tofind examples of men firstcontable spaces. (HW)
Def. A

space is beatable if it admits
a countable basis.



Observations 1) 2nd centable -> firstcountable.

2) The discrete topology on IR is not

2nd countable.

xB =2x3

3) M is and cantable.

(a,b)acb, a,bER.

4) B is 2nd countable.

Balls with natural radioand

contess withintimal rounds]



Def: Atopological space is sably if it admitsa
countable dense subset.

2ndcantable=> separable

SW,3 PEUs Now shear EPRE is lese.

CAis desen X& E - X

i.e.,each Xin X is a contentpoint ofA
Def:Let Xbe atop space. Acollection

303atofopen sets is on one

of X o UU =X.
xz1



Det. Atopological space X is Lindelof if

every open cover of X admits a countable

subcover. ["justshout" ofcompact]

Proposition:Every 2nd countable aroce is Lindeloff.

P8: Let30aBazI be a open cover
atthe and countable

space X. Let GWk3 be a contable basis for X.

Let I be the set of indices a such

that Wh Us for some no

For each KE9G we can then pick K

with WK EWay.



Ican that [Ua,3 covers X.
keY

LetptX al pick some Us with peac

Since GW2E are a basis there exists UK with

pew, Us. Observe that KE9.

Hoe peWCUa, for some KGX.

4 otcomble
at one these

21courtable => separable I and independent
and no combination

feeds to a reverse

implication,



Prop:IfXis 2nd countable and U is open in X

the O is 22 countable.

Pfsketch.Let B be a countable basis for X.

Let B'= E BEB: BEU3

↳

-
Manifolds

Amanifold is atopspace that "looks like"1R4

locally with the sure a atevery point.



Det:Aspace X is tally fusemdiasionnC/A

if each pCX andants a neighborhood U

thatis homecophic to "
⑥

Alternative . B.CO) </R* 00
- (a)

· Bu10] CT for some n

· UC/"where U is open.



i(Br(x))

888 I(p)

& &

Clruim: I 1 : E (Br(x)) -> Br(x)
I(Br(x)

is ahureomorphism


