
Def.Let(X,2) be a dopological space.

Abass for the topology is acallion BET

such thatfor all UKthereexists a subcallation B'B

with u =0B.
BEB

Note:toshow some collection B of subsets ofXis

a basis for the topology you need to:

1) show that the setsin B are open

2) Every open set
is a once atthings in B.

1) is easy
to forget.

Exease;2) is the same as



"for all US and all pEU there

existsBEB with paBEU"

Bases need not be unique.

Frequently if you need to show somations is trueaboutevery
open set, it is enough to shows the same fact is true

aboutevery set in some basis.

Prop; Suppose fi X- Y, and PatB.S a basis he

the topoless on 4. They is continuous.IfflB)

is open in Xfor all BtB.

Pf: Suppose I is continues. Since each BE is open

in i, f (B) is open in X.



Conversely suppose f(B) is open in Xfor all BB.

LetO be
open in 1, then U =WBC for sam

xtI

collection [Br 30x7 =B. Butthen

f
"

(0) =f"(0Ba) = f(are.

-eachfilBaL'as
a re

Aprebasis in X is a collection B at subsets ofX

such that

1) UB =pUB
=x



2) For all B, Bzt B and all PE BiMBa

Thereexists BgE B with

p+ Bz =B,1Bz.

&Evey B, 1Bz is a union atelements ofB]

Given a prebosis I define

TB
=3U=X:U is a mix ofelevat of B3.

= E0=X:for all par the exists BEB
with pc B = U3

Clip is a tapology and B is a basisfor this
topology,



Is TB? Yop, trinnals

Is X- TB?Yes, by definition

Given SOa3CI =TB consider same pEUVa.
Then thereexistsas Iwith PEUs and have

some BEB with p-B=Va = UUS

SoUU C B.

Suppose U., 027TB. Let p->U.1Uz

There existB,B2GB with PEBi[U5

But there exists Bat B with



PCB3 = B.1Bz- U.MUz. So UNUzETB

The same holds for
my
finite intersection by induction,

Homework: -B is the smallesttopology for which

each BEB is open,

Is B a basis for IB?

Is each BEB also in EB?Trinal,

Moreover each UELB is auna atelevate ofB by

construction,

Yep!



Given a top space (X,2) and a basisB for
execise,

thetopology, in fact B is a prebosis in Xand

*
I

Examples:
1) IR, B = 5(a,b):acb3

Prepasis (R =U(x-1y +1)
xtR

An intersection of open
intervals is either empty

or an element of B itself.

Whatis ?Pick U*Ti. By def

↓ given p70 there is an internal (a,b) with



Each BEB p((ab)= U.

is open in

the standard B is a basis for the topology on IR,Δ
TB

=YR?
top,

↳ TB-Ti

Coursely, given UE I,R we just assed that

-2B.SOENETis in an X
Hun z =F2.



b) (R, B =E(a,b) =12: abtQ3

This isa prelasis by the same argument calmest) as above.

EB
=

IR

IBCIRsouce each B-B is openon ER,

&R =lp since each internal (a,b) a,5eM
is in B.

a) Xany setB =53x3:x7X3

PreBasis?Tep

EB =Idisc



TB = Idisc.

Each OE disc is a union ofeidantssome -
BC

So Idisc = [B,

d) X any setB
=2 x3,

TB:Find (exease),

2) R B =G(a,b):asbig.
Prebasis?(R = U (x, x+1)

<G/R

The intersection of B., B2GB is either empty
or o B,



We seta topology CB = lower limit

Since 20,1 < [p but[0,1<YR>

IB * IR'

Is the name inclusion true?

Each Cab] no a mise of
sets (ansb) with out a

so each (ab) < tg. So TRE[B.

Its strictly smaller.

More open sets makes it harder for sequences to

Lovege, xi Xn50 in XR

In 50 inEB. ([a) exclude
all the yrs,



Meatdest: Axims "lumiting richness."

Contability axioms.

Def: Aneighborhood basis atpCXis a

collection 5 =(p) such thatfor all

U<8(p) ]Way with peW=W.
W

G"neihbehard base"

Def:A space is firstcountable ofeach PEX

admits a countable meishbanhead basis,


