
Def.Let&be a set. Afology on Xis a collection =

of subsets of Xsatisfire

1) z =2x,63

2) If 3Ua3az--Renv WET

3) If 0...Un--then Autz.
k= (

We call theelements oft oenetsand (X,2) is a

toological use

Lastclass we saw thatthe open setsin a metric space satisfy 1) 82).

They alsosatisfy 3) and have form, atopology on X.

PC: Suppose Or... On are open setsin a metre space.

Letx -> Up. Since each UKis open we can find radii via
k=(

such thatB(x) = Uk. Letrmn vs. Then for each
K=1...U



k BrC) <Brick) <Ui and house Bu(x) = UK

·Areinduces a topology on a set.

Observe thatdisda and do all induce the same topology on I?

Question:Is every topology thetopolasy incused by somemature?

Two trivial and fundamental topologies

1) Losestpossible topology a X.
z =P(X). d(x,y) =36.F
Singlatius we open.

"discrete topology" E+3 =B,,z(x)

2) Smallestpossible topology X



2 =36,x3
"indiscrete topology"
If Xhas more than are elevant then itis notinduced

by any metric.

Suppose xMEX xx4and d is a mature on X.

Letred(xpy). Since XFY, 230.

Consulor Bryz(x). Thus ball is open, contwinexand

excludes 4. Since Brin (X)# and , thematural
does not include the indiscrete topology

↑topologicalspace is ticable of itstopology is

induced by some metric.



As for metic spaces, a setNIXis see if NEXIV is on

In
every space both X and are closed.

De Morgan's Laws

(UA
=

1t
-

xtI

(A11)
=

uAp
xtI

Exercise:Use these to show thatanoribrary intersection of

closed setsis closed and a finite onionof closed

sets is closed,

E.g. In a metric space define Br (x) i =[yzX: d(x,y)r3.



Exercise:For all v>,0, Br(x) is a closed set,

Ctriangle inequality
&↑

e.g. [11] is closed in R, B, (d)

Vaguely:topologies encode a notion of "newness"and "adjacency"

Def:LetACX(a topological space),
The interior of A (IntlA) is themind all open sets

contained in A.

The closure ofA, A, is theintersection ofall closed
sets containing A,



--> · <A

-<- InH1A)

Observe thatthe interiorof A is open,

Exercise:itis the largest open satcontained in A.

largestimplies my open set in Ais contained in IntA.

Observe that the closure ofa sets closed and it is
the smallest closed setthat contains A,

*poitx-X isa testfont ofA
if whenever O is an open setcontaining x,

OrA =0.



(1,1) =R18xA E1,1]
contactpoints

⑰ E/R contact points:1R

Proposition:Given ACX, 1is the set atpracsely

contactpoints of A.

Pf:LetA devote thecontentpoints ofA.

Suppose xAA! Then thereexists
on open setU such that

X-8 but UNA = 6. Let V = U. Then xp, Vis

closed and USA. Since ECVsX*A.

Suppose X*F. Then thereexists a closed setV with

A =V butXEV. LetU =V: The X- U, U is open,

and 01A =0.50 x*A 1



Contact points are points that one either in A or

are adjacent to A,

Def:Given A=X, a point x-Xis a lunitpoint-
ofAif every open set containing acontains a

point from A that is different from x.

= ⑨

↑

tenor of Ais (A):
We write thisas Ext(A),

Note:X- ExHA) E> U, open, xeU, ORA = 0.



What we the points that are adjacentto both Aand A'?

This is theday of A, GA = FN F.

↑
not text's def,

Prop 2.8 (Onwieldy collection of facts


