
On1 thehis he and to distances all determine

the same corresent sequences.

Lanna:Suppose and are matrics on X such that the exists

some 2>0 with

d(x,y) & ( d(xy) Fxyt X.

Then if in
oxfor some sequence they
d

xn -> X.

Pf:Easy.

Def:Two metrics a onX we valent of there
existconstantsI,C>0 such that

cd(xsy) =>(x,) < Cd(xxy) ExyEX.



(f(x,y)<Cd(x,y) Id(x,y) ty(x,y)

Consequently if two metrics are equivalent they determine

the sinceconversantsequences, and the same continuous

functions into

Metrics d,,dn and doo one all equivalent.

dao = dz dz =5 doo

doo Id, d, 12 doo

do (4,y) =max(x,-yi)(xz - yz)) =(x, - y,) +(x-yz) =d(x,y)



osets

Def.Let(Xid) be
a metic space. Given

X-X and > theopen ball aboutXof

radius w is

Br(x) =[yzX: d(x,y)cr3

2.9, 1) (,, 10))

B,(0) =(- 1,1)

2) (M2, dub

B,(0) =E(x,y):u+(a<13



=[(x,y):x2 +y2 <3

#ii"coo
3) (R2,do

B,(0)=E(x,y):max(x-0), (y-0)) < 13
=G(x,y): max((x),(y))<3

↓(a))

*(1,44



4) (Rid.) B,Co2=[(x,4):(x+(y) <13

#,, , 11.1 x

④



Def.Lot (X,d) be a metric space. A
AsetACX is open

·

for all tothere existsv> 0 ⑥such thatBr(x)=

e.g. 303 / ↓Br(6)
-
-↑ ↑

1/2

notopen!
-M M

[0,1)

↑ -C
notopen! -M/2



(0,1) is open

Excrase:Any ball Br(x) in a metric space is open,

Triangle inequality! o

⑲
Exercise:Supposed and are equivalent metrics.

Then a set AIXis open withrespect God

offitis open wnt
t. A



dida and do on 1 determine the same open sets,

+AsefACXis coe ifA'(X(A)
is open,

X

X is opera ⑦
X is closed

6) is opend



In R E1, 1] is closed.

(200 -1) U (1,00) is open

Lanna:An orbitrary onion of
open setsin a metic space

is open,

(10) =V(,a),(0 - 1) = U( t1)
a>

Pf:LetSVaBactbe a collection of
open

sets

and letU =Va. Corsider some x5V.

Then X- Up for some 2. Since Us is open there

exists 130 such thatBr(x)=UaSU. ]



If two metrics are equivalent

1) They determine the same conversantsequences.

2) They determine the same continus functions into

3) They determine the same open sets

4) They determine the same closed sets,

-

From your homework.

Suppose ofand do one two metries on X.

Then thefollowing we equivalent(TFAG)
d21) For all sequences Exn3, if an -> x He
d

xy -> x.



2) Forall functions fix - IR, iff is continues

withrespectto themof is continues with respect
to d2

3) For all O2X, if U is open wird, then
U is open wink.d2

4) For all VIX, if V is closed word, the

V is closed wirt.dz.

If
any of1)-4) is an offfor daddy

theall of 1-4) are off.

One could hope thatmaybe equivalence classes at matures

are the rightunderly objectofstudy



ButM(x,y) =1(e1s =(e" -ex)-)
is a nature on 1 Thatis notequivalent

to theusualmetric. But, shortly, we'llhave

a good tool to show that U is open in R

with respectto ifit is open wattheusual metric


