
Last class

a) Cross ratio is an invariant of Mikus geometry

b) Four distinct points in Q lie on a common line

or circle Tff their cross ratio is real
,

Def: A Mobius line is a subset of Et that is

either a circle or is a straight line together

with oo
.

a-
0



Extensions:

b) is true replacing ① with Clt if

we also replace R with IR U{ od}

Note : We really only need three distant points

(but there is no content with only 3)

Lemma : Given three distinct points on Et there

is a unique Mobius line that contains them
.

Pf sketch : 1) No point us oo.

a) colder → line
,

no
. circle

b) not calmer → unique circle, no line.



2) One point is • and two are not

Easy .
*

*

Then : The image of a Mobius tire under a Mobius transformation

is a Mobius line
.

Loosely : circle → either a circle or a line

z, §

"he → .
y

*+0¥
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Pf sketch: start with a Mobius line C.

Pick three distinct points on it
, Zi i-4.33 .

Let T be a Mii bus transformation and

let-C-T.nl let w
.

- = Tzi

and let c
' be the urine Mobius line cartons

the wi's . Job : C'
= TCC) .

Given z c- ft

( Z, Z, / 2-42-37 c- IR
2- C- ( ⇐ ← Wi 's

⇐ (Tz
,
Tz

, ,TzyTzs) E- IR
<⇒ (Tzy wywc , Ws )
€7 Tz c- C' • Here C' = TCC) ) .

☐



1- (A) = { Ta : a c- A}
9A
set Felder T of A .

-

Mirror symmetry .

*
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+

( Euclidean)
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Provisionally : Given district z
,, zz, 2-3 c-

Et let

2- C- It
.

We say 2-
*
is the reflection of 2- about

the zi's if 2- 1→ ( Z, Zeitz, 2-so)

( Z*
,
Z

, , Zz, Zz) = (Z,Zi,Zz,2#

ad-!
zi→E;¥E

.

scw) = Gw, 7,2-42-3) g. (w) = q qe Gt

w= 5-
' (g)



Given a Mobius transformation T

Claim 2-
*
is the reflection d-2- about Zi , 2-2,2-3

if and only.AT#-
is the reflection of Tz about Tz

, , -12-2,1-2-3 .
• z*

2-z Ty •
TZT

Ze ^

•

•
a 2-3

• Tzz
•

2-

Pf : (EEZ, , Zz , Zz )
= (z,z,⇒

" "⇐

I

(-12-52-1,2-2,23) =(TZ,TZ,,Tzz,TzgT



and hence -1¥ is (Tz)* Tff z* is

the reflector of 2- about Dez.is
.

-

Tz Tz, Tze Tzg

(Hz)*, Tziitzjtzg)=(Tz,TaTqTeT
ÉIfZ7zRwzz
z*=I .



( 2-*
,
2-
µ ,
Zz
, Zz) = (Z,Z,,Zz,Z#
-

= (z (2-1--2-3)
(2--2-3) (2- i-Zz

= (Ecz.it#(z--zz) (z, - Zz)

= ( E
,
z
, ite, 2-3) .

So 2-
*
= E.



*

IR

*

*

Minor symmetry depends only

" on
the Mobius line

determined by*

*
the zi's .



* 2-

2-
*
=

Ffp



2- → z*

71
,
Zz

, Zz

( 2-*
,

2-
, , Zz , Zz) _⇐

(Z,Zi,Zz,Zg#

%



Z
,
= I

,
2-z= c-

, Eg = - i

2-

(Z
,
Z
, ,
Zz
, Zz )

(z
,

1
,
i
,
- E) = Z L

2- + c-

(E) hi
,
- E) = Zz¥¥É

( 2-*
,
I
, i , - E) = (z,l,i

=

=¥÷i÷



= ::÷÷i÷.

= '

¥,

=÷:÷¥
= (É , 1

,
i
,
- i)

( 2-51 , i , - i) = (É , I
,
I
,
- c-)

(a) bi, -E) = lb
,
hi,- c-)



2-
*
= I

-1

2-
*
= ¥,-2-1 ⇒ ¥zY

E-
'
= ±

12-1 '

Exercise: For a circle of radius R centered at 0

2-
*
= R'I

12-12


