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Fundamental Themes of M-ib.ws Geometry
let 2-1,2-2,23 and we ,wz,wz be two sets of

distant points in Clt
.
Three exists a unique Moebius

transformation T with Tlzi)= Wi F- 1,33 .
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(70,2-1,2-2,2-3)=1-2-0
1- (g) = A asif1- ( Zz) = 0

T (2-3)=00



All three point figures are congruent
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Thom : The cross ratio of four distinct points in It

is invariant under Mobius transformations
.

Pf: Fix four distinct points Zo
,
Z
, ,
Zz
, Zz C- It.

Let T be an arbitrary Moebius transformation
.
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Define S(E) = (z , z , , Zz, Zz) .

Define R (z) = (Tz
,
Tz

, , Tzz ,Tzs) .

Observe S and R ane both Mobius transformations
.

[ W1→ ( W
,
Ta
,
Tzz
, Tzs) ]

Note 5. (2-1)=1 (w , ,w , , we.ws>=/
sCzd= 0

(2-1,2-1172,2-3)=1SC-231=00
.

But R (2-1)=1-17
, ,
Tz

, , Tzz ,Tzs)

=L
,



R (a) = 0

Rfzg) = of.

Hence S = R and therefore for
my Zo

( Zo
,
Z
, , Zz , Zz) = (Tzo, Tz , /Tzz , TED .

By the way : aisles are iruaiant also (Kw)
.

What are cross ratios good for?



III. ¥¥
( Z, 1,0 , oo) = 2-

↳ all complex values are possible .

d(z, a)

**¥- K

Z, 72



( Zo, Zi , Zz, 7g)= Zo- Ze 2=2-3 É R
¥-3 Ze -72
-

E-E.GR
✗ c-R

Zo - Zz = ✗ ( Zo -Zz)
If Zo is not real they

}¥- is not real .
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to

= _"¥¥¥" • ¥

= Y¥¥ +1¥.pl#=D



Claim : Given zie 6 . i=① . .-3
,
distinct

( Zo
, Zeitz, 2-3) C- IR ⇐ the Zi 's lie on

a cowmen circle an

line
.

* *

Three non collinear points

* lie or a unique
circle

.
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