Math F251: Section 4.8 Worksheet (Newton’s Method) April 19, 2021

In the first part of this worksheet we will get to know a method for computing an approx-
imation of /2 to many digits of accuracy using only addition, subtraction, multiplication
and division, and indeed using only a few such operations.

1. Consider the function \

F(x)=x*-2.

If we solve F(a) = 0 for some a > 0, what is the value of a? W 2
d = l 7

2. Find the linearization L(x)of F(x)(at x = 2. Jeave your answer in point-slope form

F/(ZJ > 5lope ot Yengert (e ;}6‘7; 2
(D =4
(2 F) 7T L= HL(% ) Z/> Cgy FeN= (22)
{= 2+ 4 (-2)= L&)

3. T've graphed F(x) for you below. Add to this diagram the graph of L(x).

F(x)

T / F(oO= 0O

NP

' 2

X

4. Find the number x; such that L(x;) = 0. L C\[n =0
= g

7 “l‘%L(X.—Z): O ‘59
bty e -2 O = 2-lf=3=l

5. What good is the number x;? Keep in mind that you want to solve F(x) = 0. You solved
L(x) = 0 instead.

Swe FEY = L6) B w mew?, F LL%I=G F(%) %O,

6. In the diagram above, label the point x; on the x-axis.
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Math F251: Section 4.8 Worksheet (Newton’s Method) April 19, 2021

7. Let’s do it again! Find the linearization L(x) of F(x) atx = x;. = —=

Z
Fe) = 2= (3)-2= g

Flx)= 2% = 1-253 L&): q.l‘k%()(’- %)

8. Add the graph of this new linearization to your diagram on the first page.

9. Find the number x, such that L(x,) = 0. Then label the point x = x; in the diagram.

;[# 3(v-2)=0

5(n-2)° "o
>

s .1
Xy = Z, Tz 7.

10. To how many digits does x, agree with \/2

17 _ _ N
7o 4. Tz = |44

[Z

11. Let’s be a little more systematic. Suppose we have an estimate x; for \/2.

Compute F(xy). XKL—' 1

Compute F'(xy). Z Xg_

« Compute the linearization of F(x) at x = xx.

L(x) = ()(LZ—— L) + ZY{; ()4-' ch-v

o Find the number xi,; such that L(xx,;) = 0. You should try to find as simple an
expression as you can.

L(x, )= O
(W22 v 24 (K% = O
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12. Starting with x( = 2, compute x; and x, with your shiny new formula. Verity that they agree
with your earlier expressions for x; and x,.

g@f/ MJO@ v

13. Compute x4. To how many digits does it agree with /22

X(: 32/ %L;;{Z XB:: I,LHL)LZIQé?éZW%-
az e el K= | RIS T
Z K~

J7. = l.LHszl%%Z-}

Newton’s Method In General

We wish to solve F(x) = 0 for a differentiable function F(x). We have an initial estimate x,
for the solution.

L,d/lo«/ t’Zw‘\cM L (\Lw — F(}(‘,} + F /(Yo\ < A - )(05

LL()=0
F(x) /C%Q(%/Xo» = O

F (%) (>">‘o> = = F%\) A= e F/(x:c)
v, - FOGo / L )

X7 X = 07

3 F/Cyo> §<XL>
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=X
14. Try to solve =

by hand. _y

g =X
,m[g’*) = {/l(%> — T
-X = Il/l(%) — X-= ~1m(><-> f

15. Explain why there is a solution between x = 0 and x = L

FlO= g-y

P(o§ = l‘O:‘, IALe/ﬁQJ/wjﬁ Uql&%%/‘%/j
F)y=e-[<o

16. Starting with xy = 1, find an approximation of the solution of e™ —x = 0 to 6 decimal places.
During your computation, keep track of each x; to at least 10 decimal places of accuracy.

EG)= &= x wat F6O<O

-X
—¥
§(I= X - T3 | e+ |
X
S
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X, = O. 5 SF 7%29%27"
XL:OSGquéOMQ/,

Ko = 0.S67 422851
Xy = OK%W%%Z"’\W
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