
Hyperbolic PDEs

consider u ( x , t ) a density ( stuff / length )

x
,

Utt ) - J!:( x. E) da total staff between x. x , att .

d¥= - Fla ,
E) + FG

. ,t ) fluxes at endpoints ,
to rasht

( units : stuff perfume )

Hypothesis : There is a velocity v ( * t ) and staff
is moving with prescribed velocity v .

F- ( x , E) = v Gt ) . u ( x. t )
r

i;iHm . sd¥n= stuff r

✓ so as to the night .



dff J ulx.tw#=-vCxisE)ulx.t7+vCxo.t)ulxo.t )
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yfx , E) dx = - - W(*osh,E)tw(xo
h

w = VU

Now h - o

ut = - 2x ( va )

Ut t Sx ( Va ) = 0

I
just The flat in here

.

Goes by a few names .

" advection equator
"

"

transport equation
' '

.



We'll start with easy case : v = a ,
constant

.

Super easy case : a = 0
.

Le a = 0

So a depends only an x .

ni
speak wat two

Uocx )

u ( x ,t ) = uolx )

Now if a is constant

Ut t aux = O



Are there curves along which a is constant?

Mr )= Kbs
,
tha )

dear u ( Hm )= ax If theft

It 1) It =L
⇒ fly agent attack -_ o -

2) Its = a

dr

✓( r ) = ( art to
,

rt to )
x = art to

⇒ ×= a ( t - to) t to
C- = rt to

f. = Ia ( t - a) + to

These are lines with slope ta
.
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New coordinates
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✓ ( s ,r ) = ulxls.rs ,
tls.rs )

d¥= Ux Left at ft = aust a←= 0

So U is a function of s alone
.

We 'll know u at E- O
,

uh
, D= uolx )

.

%
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( s , o )

x
,
t come from ( s ,r ) if we start at Cso)

and follow 8 up to parmeter r and land as

x. t
.



↳ = s to = O

X = arts

C- = r

U ( s ,r7= a ( x ( Sr )
,
tls.nl )

u ( x. E) =

'

U ( scat ) , rest ) )

U ( s , O ) = a ( s , O ) - nots )
U ( s

,
r ) = Uo ( s )

u ( x. E) = uoCs( x. E ) )

( or we invent? Sure s= x - ace x -
at

u( x. E) = no ( x - at )



Terminology : V ( r ) : characteristic curves

of the PDE

The method of solvay by looking at the
solution along the characteristics is the
" method of characteristics "

-1¥
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#
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a

ulx , 1) = no ( t - a)

The bump moves to the raft with speed a Gas O
.



What if u
e t au = x

Jr U = arts

✓ = VCs
, o ) tarts r

u ( x, E) = U ( scat ) ,
o ) + arGs

+ s n

z

= udx ) t
+ EG - at )

←
s = const

here
.We're just intermits in "

n

I



Utt ( Va ) , = O

Uf t Vax = - UV×
w

ignore for now

Ut t v ( x. E) aux = 0

Same strategy Hr ) = ( x KH ,
th )

suppose V
'

Cr) = ( ( Xlr ), Elm ) , I )

x' = v ( x , t ) -

t
'

= I

t
f- = rt to

It = v ( x
,

rt to )
dr



dq
not = UE tax diff = of tar - O

Xo -

- S to = 0

I Its 't ) ] ODE to solve

Ufs ,
r ) = ulxls.nl

,
tcs.nl )

Jr U = O

U ( s , r ) - U ( s , o ) = u ( x (s , o ) ,
Els , o ) )

= u ( s , o )
= Uo ( s )

u ( x ( s , Mitts ,
n ) ) = uols )

u ( x. t ) = a. ( s Ext ) )

Hand to do in practice 1) Need to solve the ODE
2) Obtain x ( s

,
r )

Els
,
r>

But want sG.tl !



But idea is clean

"
→ characteristic canoe

.

solution is constant on it
.

And what of

at t Cva )×= o ?

Ut t VU
,

= - Vx U

Ur = - v×( xls.rbtls.nl ) VCs , r )
U (s , o ) = Uo ( s )

s is constant
. This is an ODE to solve

for U with s as a parameter .


