
Last class :

Introduced -0 method :

Uji . , = ujtl.lt - f) Dust , tho Duj

-0=1 : Found Euler
0=0 : Backend Euler
0=42 : Crank - Nicholson

Von Neumann analysis :

4120 - I ] Elz for
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stability .
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Always true for Of "
z .

Otherwise a restriction and
.

For 0=1 if 't
,

some restriction as before .

Convergence proof as sunny
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Two conditions

a) X (20--1) fly for Vorderman stability

b) 1,20 s A for convergence

Exercise : if Osos I

I satisfies b) ⇒ I satisfies a)

Car we get convergence only assuring a) ?

Yes
, but we have to relax an idea of
What corvegeee means

.

Why care ? * Eff Ks h 't

Have Kinh ( but ¥f→oo as 090
, so

restrictor is less severe as Q → 6)

0=0
, no restriction on X

, lovely .

But error still will be Ock ) to Ch )



f- =L we'll have
error is OUT ) t Olli )

O or mat principle convergence proof requires

TEI KEV so still need

Olli ) tmesteps .

Bat
,
if we have convergence for Xl 20 - 1) Etz ,

than we get OCK) 't Ochi ) error and arbihyc ,
a big war . ( Can take krh ad see 044 )

.



If you let me chase how I measure error

iii. iii. iii. iii.iii. . ± .

BE
, "

= Aaj HIj

Let's talk about the ecyaaube.se/uecforsotAuB
.

For D
,

u
,

= sin ( rxi ) ( Otta )
IE i EN

r = kit
y = - tsin ' CRI ) IEKEN



Eigenvalues of D : - tsar ( rhlz) r= hit net , - →
N

E. generates of OKD : -4015.424hL ) ( some eueas )
E. geraalus of A- I told : I - 40×12442 )

°

'

,

E. snakes of A- I - ( I-0411) : It 411 - E) claimable ) !

Eigenvalues of B " :( It thot . . .
- J '

"

!

E. sautes of B
- ' A : I - 404%4%5

!
-

Itta - a) I sinews ) '

Finally : B- 'A = AB "
: why? some eueis !

C- veals of B are all > I
.
So B is iuatobte

.

( B not au O is an eigenvalue )
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'
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Vector norms u = Cue
, - . .

, un)

Hulk EIHL

Hulk . @ her]
"
2

KE '

Kulp = [91,1%10]
"
o

oespcao
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Matrix norms :

A : nxu matrix

Bplr ) I x://xllp.fr } ballot radios r

want . p - norm .

Http : A I Bpl D) = { Ax : x E Bpcl ) }

HAHp= int : A I Bp (D) E Bpcr )

It's a measure of the amount of stretching A

does
, ussag the H -

Up to quantify stretching .
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HA xllpt HAH pllxllp

( if x -
- O , friend .

Otherwise
¥q is a out vector

HA
up)HE Http ad

KA (¥ap)H = HAI
amp

Infant KARP is the smallest number
"
such that

Htxllphnllxllp .

Http = sap lltxllp
①xto kxllp (

= :* . "¥¥
. )

" :*

=%YpE ,
Htxllp ②



Exercise : Kc Akp = lol Http

E tease : HAHp=o ⇒ A = 0

Exercise : It is known that Ilxtykpflkkpxllylly
Of pteoo .

Use Thus to show

HAtbllpflttllp.tl/Bllp .

( Triangle inequality )

For Those in the law , this shows that It . Hp

is a norm or am matrices
.

Exercise : HABHPEHAHPHBHP .



Here's the plan

Bag "
= Aaj tkf

We've going to show 11 B- 'Alla It assumes

↳ (20--1) Elk

KB ' ' HII .

Qt , = B-
'AEE t k B- ' I

note = B- 'A a-
;

t k B-
' It kB

- '
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Est , = B- 'A ( Ej ) - k B- ' g .

HE still I 11 B- 'A Estle t k HB
. '
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- 'All
.z

A Ejlk t k HB 'll Heike



HE on Hz E It Goltz t k Htljlz

IT he
mojax

113-112

HE , Hz E It folk t k ; I -42

± 11 folk t KM Kk
= It Eolkt T I -42

If It foll = O
,

mgx
HE ; Hz I T Kk

¢ N entries
, Sno .

Now I -4240 & * x ]
"
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my
" ( full G- Hz ) E T fo lek
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So if I -4 → O ( consistency ! )

then
mgx full EjHz→O

This is a weaker norm :

x = ( N "
5 o

, . . . .

,
O )

Hxlk= N
' 't

kxlla
g-

= tune - O
.

But Kxllooxs O
.

This is a weakly notion of convergence .
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Fact from their algebra : every symmetric mink A
a donuts an orthonormal bases at eigenvectors

.

4 , . . .

, Un
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P . Lu . , un ]

A = PAP "

A diag ( he
, . . . .hn )

PAP - '

me
-_ P Mek = Pike kick .

Auk -

- I ok So thy agree on a bases .

pTp= I ⇒ p
-

Ept

KPK -
- I
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2
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It Pnp
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In fuat 11PM 'll maxlid
,

. . .

,
Hal ) = oh .

Just use am eigenvector :

HA x Hp = It txHp= IN Hxllp

so HAH
,
> IN .

Prop : If A is symmetric, Halle on CA ) .

B
,
A are symmetric

B- ' is also symmetric .

B-
'
= (BT 5k (B - ' 5

( BAE ATT@
- YT

= A B-
I

- - B
- ' A ( A , B here

a conman

basis of eigenvectors )



eigenvalues of B
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