
Pf  of OMT :

Suppose TEBCXY) is sorjectiuc  and X and Y are

Baruch spaces . Then T is  open .

Pf : Let BE13,10 ,X )
.

Let Gy=T(B×T .

By linearity rGy=  

RTKBI
=rTKB×)=TlrB×T

.

Hence

µaµnGi=nUµTl^P×)=T(UuB×)=TCxl=Y

.

Since Y is complete
,

the Bane Category Theme implies

Some qnGy contains an open ball and knee also

closed set Gt=T(B×T .



Now 1- ( Bx ) is symmetric about 0 and convex
,

and hence so  is �8�
y= TCBI .

Observe
By ? Br ( %,

Y ) and

Gyz Brfyo ,T ) by symmetry about 0
.

But then it Hwllc B - Yotw and yotw EGY .

By convexity w= lz ( Yotw ) + tzfyotw) eGy as well
.

So B. ( 0,4 ) e Gy = TIBI
.

By the technical lemma
, Bq( 0,4 ) ± T ( B. ( o ,× ) )

.

But then fer my
E > 0

,
1- (Belo , A) ZBr÷( 0,4 )

.

Now let UEX be open and let 4€70 .

Pick XEUWHH Tx=y .

There exerts ESO with Bdx ,X)=U .

But Then TlBe( x. x ) )=Tk)+T( Bdo ,x ) )

z Tklt Br£( 0
,

Y )

= Big ( y ,4 )
.

SOTO is open ,



ps
of BIT

( or : Suppose TEBCXSY ) and X
, Y are Bmaek spaces .

Then TFAG

1) T is invertible

2) TH ) is dnseruy al Fc , HTKHI 's  a 11×11 Sen

akxex .

Pf : If T is moat .bk TH )=Y nd given ay

XEX
, ×= T

'  '
C y ) and

11×11=11 TYYH < 11T
'

'll HyH= HTYIHTXH

So ⇐ KT
'

'll
"

works
.

( away , suppose TH ) is dense ad Fc
,

KTKHI >.< 11×4 Fx
.

We  need only show Tis bijeotoe . ← BLT !

Tis injecting for  if 1- ( x ) -0
,

dklto ⇒ to .

As for swjeetdmtr, given  yey frndxn 's
,

Th →  y .

Then { Th } 13 Cache
,

as is { a } as

Hxncxnlk c AT krxm )1| - CH Th - Txmll
.

So x. → x for scene × al Tx→Tx
.



( or : If TEBKY ) betweenBaradi sprees then

exactly one  of the folkway is true

a) T is invertible

b) TCX ) is not dense
,

on the
is a sequence { a 3 in X

, 11/41=1,
11 Tall → 0

(either otb ⇒ not  makble )

( HT×H > tn 11×11 tails for each n for saexto

So
 isk¥0Malls tn 11h11 at

can  assume WKOG Halt 1 )
.

Recall Ilfn ) fnxxn = atuxntt

Hfnltt *Ifntftdjnt ,

So I :( [ 0,1 ]→ CW ,i] an 't be  invertible
.

And since I is  injecting the image of I  can't

be closed :  it  
would be n Bmaeh spread

Iumdd be mutable!



Related result :

Closed Graph Theorem

Suppose T :X → Y is linen and X,Y are Bands spaces .

Then T is continues  ift

Graph ( ⇒ ={ ( x. Tx ) :  XEX } is closed on X×Y .

Note Graph CT) is a subspace ( x
,

E) + ( I
, TE )

= ( xte
,

the )

=
 €+1, TKIID

.

What's the big deal ?

From the det
, to show that T is cts

, need
to  show if x. → x then Txn → Tx

9
need to show Th canvases and

its limit is Tx



But to apply CGT
,

need to show that the oomph
is closed .

i. e .  
A lxn ,yD E Graph T

( xn ,yn)→ ( gy ) then ↳ Defmpht .

¥
n

Tnt is it xn → ×

Txu → y

then
y

- Tx
.

You get to assure Th cargos to something .

e. g .

If p< q lpe lot :

I.lxkl '=§=,l×kl '
+ *§nl×H%

t Ellett§°µkeP ( 1%1<-1

⇒ up > lad?

I dum (lp ,lp ) → ( lp,
lot ) is ots

.



Suppose (g) elp x.l→P×eq
and x. → y .

For each k xnlk ) → xlk )

xn ( k ) → yl

b)
so xlkkylk )

.

Pf : Suppose T is ots and

(xn
,

Tin ) → ( x. y ) .

Then Xn → t.sc In → Tx
.

Since Txs→4
,

y=Tx

ad ( x ,y)e Gnpht .

Suppose Gupht is closed
.

Then Gnph T is a

closed subset of a
Banach space at is a Banach space .

Define Ex : Graph ( A→X
↳ E) → a

ty : XXY
,

→ 4

( x. 4) → y ,

Obsenl Ix , Ty are cts
,

loner , Since itx is bisecting

It has a cantinas inverse .
Now ahsce Hao Ei ' ( x ) a Fz(4 E) =TkD

.



Most westerns : Barack Stankus ( pointer .se bonded ⇒

uniformly banded )

If { To } is a famhe in BH , 4) ( Bmeh )

detail
for each ×

, { T*k) } is bonded
,

then F M
,

HTXIKM Soakx
.

Application :
If Tn ← BUY ) and for auk × ,

Tnk ) → TCD
,

µ
then TEBCXY )

.

Tnlxty ) → Tlxtt )

Tnlxty )= Tnufny → Txtty etc
.

Tis linen .

Now since Tnx→ Tx the openers { tn }
me

pontuse boarded
. So cs M

, HTNHEM .

But KTHK 1am Ktnxll £ Mlkll .
so KHKM

.

poiutucseeosuegeee implores Innit sets .

( ODD ! )



Application :

f- E ( [ - t.IT ] ft #)=f(#)

Force  coeffs co = 1 f. If
ZT

ck=

ftp.g%a4/)f(x)dxdk=,l=f.tshlkx)flx)d/fp=co+EMkk*skDtdksmlkxDcfoyTggk@

We will show later 1) fn→f  in [

But K cowesexe  is pretty weak
. Make fu→f  in C[ 0,1 ] ?

We 'll also show f  →

far
- f. ( o ) is O( log

#.

T N

HTNH → 00
. So  must be  an

f HTUFH →  oo

( not mifbouddos  not pocutuse banded)



Proof at Banach - Steenhuis :

{ To }aEI

Recall the space Fb ( Ik ) ,
bowled nps fan Ito 4

.

HfH=gu←p±Hf(a) Ky .

Is Barack since Y is
.

Given xeX define fxe Fbl I ,Y) fx (a) = Tak ) .

The
map x #fx is evidently linen

.

We'll show it  is continuous, via CGT .

Suppose ×n→×
, f×n→ f for some fe FACT,

k )
.

We need to slow f=f× .

But

fxn (a) → f (a ) s.me/lfakhfk)HyEHfn-flb .

So Ta ( x
. ) → f (a)

.

But Tal a) → Tak ) by continuity .

So f (a) = f×k) tt a .


