
[ [ a ,b] :

Start with R[ a ,b]
.

Rianamintesobkfmet .ms
.

Include  continues and piecewise continues
.

Fact: If feR[ a ,b] ade > o theresa
continues §) f?|f . g) < e

.

( C [ a ,b]
,

L
' ) is fare

,
but not  complete .

are Canty sq 's that ought to cause
to sorethay discal

.

( R[ a,bT
,

L
' ) is no good : not a norm

!

1 ×=O
f- 0 s={

o ×⇒o
or [ 91 ]

flfleo , flgl=0 . oops .

[ '
is eqandaee classes of R[ a ,b]

f~g if flf . g| = 0 .



Integration is well defined on I
.

fg = ff  + fg . f

| fg . f | c- f| g- fI=O
,

Exercise : [ is a  vector space and

H [ f) HE f) ft for ay rep is

well defined ad
a norm .

^ [aid FIZM
Exercise L

'

is not complete .HH- { fx - at
hi ' '

0 oexcta

. [ In ] , } Candy in I but does wt

cawaqe [ if IFIEM. show HEif . [ftp.fokx.k.tn
=  2×12 to

"M2
= 1µ



[ [ a Disthe completion  of I.[ a ,b]

For each F C- L
'

[ a,b ] is { In } of Ricnamuteroble .

( andy in Ll norm .

[ f
, ] → F

•

L
'

But F is just an  abstract thing .

still f!F  is well defined by extension
.

I will say f :[ a,b ] → R rs a representative of F

if there is a square  in R[qb]
,

{ fn } ,

and [ fn ] → F

fn → f pomtwise .



More commonly
,

{ fn } is Coady in Ll
,

so it courses to some F
, andf. → f paiwtiise .

• If f  is a  rep of F we define

§f= §F= limfabfn foray for → F
.

Facts fn → 0 pm ,
fn cache

⇒

* 1) Evey Fe L
'

admits a  representative f

( df F=[f ] feR[ a ,b] then f  is a  rep ! )
* 2) There are ( bonded ! ) functions f. G. b) → R that  aenofreps .

* 3) If feR[ a ,b ] is a  rep at F than fatefabf

[ if f. → f point wise  and { fn } is Cauchy out
,fais.IM

4) If fg are reps of F
,

G f+g is a  nap of FTG
,

of  is a  nep of AF

fni sn
can F. g fn→f PW gnosg pw fntgn → ETG

ete ,



*

5)
If f  is a rap of

FEL
' then

1ft is a  nap at anHellandflfl - HFH
,

We'll all H= IFI
.6)If f  is  a  nep

of F and f  is  a  nep off

then G= F ( If 0 is a  repot F
,

F=o )

7 [ ( 6,5 ] is dense nd [ a ,D

[ Cc ( R ) ] is dense in L' ( R ) ← anis up . ...

±
outside said intent



We will rdatrfy F with
my of its  reps

-

Some game  works for |Ep÷
Similar some for /R :

[ equivalence  classes  of factions §

FERG ,b] HGB ]

flptfhm SHIH finite

fng if §z|fg|= 0



Composition 5
,

:X → Y

T : 4 → z

To S : X→Z is cts :

H⇐os)(×)Hz EHTH llsxlly
e HTH 1151111×14

,

So HTOSHE 1171111511 .

Bat strict  inequality is possible :

Scx ,y)= ( x ,o) 11511=1
c- ( × ,y)= ( qy ) HTH = 1

CTb) ( × ,y)= 1 go ) 1140511=0 .



BC He BCX,
X ) If X is Bank

, so is BK ) !

Closed under addition but also  composition .

Foams what  is krewn  as an algebra

( vector .

space with malt that sets
along with vector spare :

A-+B) c= ACTBC

Abt BA  in sued
, that .

Oar malt  is compositor

This algebra has an rdutry , a map

I
,

IA - AI = A t A
, nmdy the rdaty



Some  elements of BH) abut  inverses
,

and some do not
.

BA - I ← B is a left  inverse

A B =I ← B is a rightness

both :B is an  ins
.

)0 his we at the above
.

u

We 'll focus or

r (× ) = ( 0,4 ,
tz

,  
- - -  .  - ) continue uwueseg

l G) = ( a ,x3 , ...
 - ) and then

see why

for )k)=  ×

it
doesn't

l is r 's left Maese ( ro R ) ( 1,0 .
...

,
)

re.

.ae?IIYYeIt......)Yii
'

( Lol ) ( × ) = × but  nlwtlo ,  . ⇒

x= ( 1,0 , . . .
. )

llx ) -0

L ( llx ) ) =o&x romrttouhtx is



Xiao Bounds ,

Thu : If AEBCX ) and HAH < I then

I*A
 is nuatoble ml

oo

( I*A5'
= E A's

1<=0

Pf : Note HEIEHHIK
.

Since {?¥tK causes to ,÷µg

Cthis uses HHKI ) ,
sodoes E%kA' Had have

the series is abs can -7 caught
.

Now ft- A)§?oAk= I . A↳'

and A

*
'

→ 0
.

ABN → AB HAB .
- ABH < IHHHB .

- Bll !

so ⇐-A) i§oAk= I
.

But ,§oAk ( I - A) = I - AN 't
as well . ...



What  is this say .us ?

I is the finest  invertible operator amend
.

If we jiggle I by a bit

T= I - A

( A bit being HAIKI ) then Thought  is

mutable as well
.

Exercise : If B has a continues iroese

and HAHEHB
' 'll

"

the B + A has  a contains
mouseB+A=B[I+BtADHB'

'AIKHBYIHAH



C on : The set  of  elements of BCXY ) with
Cantoning Muses its  open .

Pf : Suppose TEBQ ,Y ) has as iuuese T ?

Suppose HAH < HT
.

'll
"

.

Observe 1- + A  =T( I +  T
' A)

.

Macao
,

KTTAHFHT 'll HAH < I
.

So TTA is a composition of  continues inoatibk

maps and is invertible : (and cts
.

AtAI
'

= ( Itt 'A7
"

T
' '

.

But the there  is a
ball of rules ⇐ HTYIT

about T made of the set of cts
'

liveable maps .



Baine Category Theorem

A  complete  metric space  is not a countable

onion of  nowhere dense sets .

Nowhere dense : I does not contain  an open
ball

.

E.
g . Q with usiod metric .

Singletons
are nahee dense . ( a- e.  at E) AQ is a bad

.

Q is a countable aim of its singletons
, so it

can't be

Let's apply
,

then return to  it
.


