
T.hn : If Y is Bandy

BCKY)
,

with opedwnom, is a
Barak space .

Pf : Let { I } be Candy in BCXY )
.

Let xe X
.

Htnx - Tmx 11=11 th . ⇒ call

E III. tmll 11×11

So { Tax } is Canby in 4 and auuesg

to a limit Tx
.

I claim that T is knownand Tn→T
'

bombed
,

For x ,zeX
,

1- ( at ) = 1am Tulxtz )

= Ian Tnxttn E

= Txt TZ .

ele
.



Read Candy sequences are hounded
, sort M

,
III. 1km

Notice HTXH = km HIXII

since Htnxlle 1141111141

EMNXH for  ally

lkxlle M 11×11

So KYHEM and T is bonded
.

To show Tn→ T suppose 11×11<-1
. Obseue

11€-AHH =
hmmm

.

her-tdxll .

Leteso
.

Pick N so from } N HI - TMH < e

So 11-(4--1) # HE e 11×11 Ee .it  a , N
.

T.ie
. 114 - TH EE.tn > N

.



Prop '

. Suppose X is a  nomad linen space .

Then there exists a Barak
space

Y

and a  map T : X→Y such that

1) HTHIE llxlly ttxex

2) # = Y

e. g . Z with d
'

norm
,

his l2 as  a completion .

We  often visualize XEY by rd .  with TX

�1� Such a map is called an isomety .

It preserves
distance .

Pf . Let F be the set of Candy sequences in Y
.

I will identify two candy segues ( x
, ,  

. . . )
( au .  - . )

if ( a ,z ,
- .  . . ) s still Candy

,
and wrote (4) - Car )

Boring : lxnhkn )
(a) nly . ) ⇒ ( m)~Gu )

(4) 44^7
, (g) red ⇒ (a) man )

4 : set of qua  classes
.



Exercise : Y is a lieder space

Note Illxnll - H*mH| Elk - all

so 1am Hall .
exists .

Exercise :  if (a) ~( zs )

,knH(xn)H=qH(zn)/|
.

1am
.

H[ (a) HI is 1am Hall
.

Exercise : Hill is a norm on Y
.

e. s .
H [ HDIKO ⇒ 1am # 11=0

⇒ 1am in = 0

⇒ ( 4,9×2,0 ,  . .  . ) → 0

⇒ (a) ~ ( o )
.

Map fan X to Y : ×→ ( x )
. Clearly an tsomoty.



Image  of X is dense :

( x
, ...

,
) a > o

×NN

Xn - YN

: An

try
4 is complete .

÷
We call Y a  completion of X

.

If Y
,

and Yz are completions

T
, :x→ Y,¥→Yz#ot'TziX→Y2

is an  iswuty onto its lure '

amaze its dense



Thu : Suppose X is a
hand

space ,
Y is  a Barak

space ,
and suppose

W is dense on X .

Given SEBCW ,Y) F !T⇐BCxie)T1w=s ,

and HTH = 11511

Application : Completions are essentially unique .

xtsy ,

X Is y
,

isometrics

#
=u

ii li

Tzoti
'

: TK ) →

¥k:xT=Y
,

is T : 4
→ Yz

, unique
11411121411411

Mower : Thu ) →  y ,
T ( T.HN = TK )

HT , ,H= KMHTTHNH
= him HTz×nH=tmHMH



Pf : Let x C- X and pick wn → ×
.

Obsene | Hswn - 5wmH| £ 115 ( wn - wm)||

LHSH Ilwu - wmll

So 11 Swell is candy are canvases to a limit YMoreover
,

if WT → × they

wn - WT → 0

S ( w
,  

- In ) → 0 by continuity .

Sun →  y Suns → F .

Slur - wt ) → y . f ⇒ y=F .

We define Tx = 1am Sun .

Need to verify a) T is linen

b) T
is bonded

.

a) HTH - Hsl )



a : Given x
,

F

was × wnn as I

T(x+I)= Inns ( wntwn )
= Inn

Swn
t Ian SWT

= Tx + Txn
.

ditto for scalar  multi

b) 11-1×11 = limllsiwull

But Hswnllt HSHHWNH → 1151111×11
.

so 11-1×11<-1151111×11
.

so IITHEHSH .

a) Exease : 11711311511
.

Tribally
,

if T
'

is another such given XEX
,

T '(×)= In Thun ) = Ian Slam ) - Tx
.

So T is unique .


