
Last class : Facts about subspaces :

a) If X is a
Baruch

space,
SEX is a Banach space # it  is  closed

.

b) If S is a shgoucg so  is 5

c) If X is a  a.  v. s and Se
 is a subspace

,
if  it

is complete, then it  is closed
.

From c) ,
if SEX is fouitedin

,
it  is closed :

⇐ it dim ⇒ complete ⇒ closed

.
-
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Than : Suppose X is a  normal space ad YEX is

a  closed subspace, YFX
.

Given de ( 0,1 ) there exists xa EX with

11×11=1 and Hx
.
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Almost  optimal :  is ideal
,

but
not typically attainable

.

Pf : Pick  xe XY
.

Let d=yn¥ 11×-411
.

Observe d > 0
,

otherwise  is yn→k .
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If X is infante dimensional
,

K={ xekllxlt . By
not compact ,

Pf : Let xi E K .

Let SF span (x
, ) .

Then 5
, is finite dimensional

and hence closed .
There is xz E X

,
11×211=1

,

d(h
,

s
, ) 3 tz

.

Let Sze span ( x . ,n) .
Then Sz is finite dnn

and closed . There is xsGb ktsktl , d(x3 , E) 3112
.

Carting mdaetwely
,

{ xn } has not Candy swbseqlkatnllsk
,

n # M
.



Exercise : K is closed
.

Exercise :  closed subsets of  compact spaces are apart .

Com .
If X. s mf day

{ x : 11×11<1 } is not  compact .

Pf : If  it were ,
K would be a  ctosed subset

of a compuetspece al have

compact
Next  up

: If  complete
,

absolute aevesace ⇒ cawegeee .

N

In xn  moms he
. .FI

Sµ , partial sums .

oo

A series is abs
.

com .

rf Ellxnll cameras .

Nel

( From  calc
,

abs
.  can  ⇒ can ) .



Than : Suppose X is  a Barueknspace .

It { Hullcourses ,
then so does §%4 .

Power :  
it

 reduces  conveyance oh X ( complicated ! )
to convergence in R

.

Let In=

§e.×kn
Pf . Let Ta =

§=,H×#
.

Since µ§,Hadcarcases ,
{ Tn}u%,

is County .

Let E > 0
.

There exists N such that itmass > N

1 Tm -

T.lk
.

But for this same

µ
if an > n > N

,

H San - snH=H§eµµ×kH E flu!kk4
= Itn- Tn |

L E
.

This { Son } is Early . Some X is a Banach

space ,
the esque d- partout sums coroegos .



In frat :  arose also !

If X is a n.us and every abs aeruSaba Serresconverses
, then X is complete !

Guided HW ?

.

Banach
spaces are the main players,

but theres
a subcategory that  is especially important.

Raise at spaces : lp Kpfoo

should be Oftpfl

Mid point : p=Z , tp=t .

These spaces have a extra studies an inner product
.



Recall : an inner product a , a auto space X is

r
need

a map ( .

,
. > : X×X→ R

satisfies
D for all ye X

fk)= ( x ,y> is linen

we
|¥II±IIt5⇒2) for all xex glyk ( ×

,y > is luau

symmetric [ 3) ( x,yD= < y ,x> ttx ,y€X

4) ( x. xs > 0 txex
Posit"eµ

.

[ 5) ↳×y=o ⇐ ⇐ 0

An  inner product is a symmetric
, pasdef.

Silman form
.



Over 1C the rule is a bit different
.

L ; . 7 :x*X→ ¢

↳ y > = 4¥

( x
, ytz > = < x

, y > + ↳ ⇒ like before

< x. xy > =e< *, > ]
e.g.  on R " ( x ,y > = xtoy = §

.

xkyk

on a
" ( x. y > =  IT .×= §=

,
×kYI .

Given  an  inner product, we obtain a norm  via

11×11 = -< x. x >

Hard part is A ohq .



11×+411=11×112 + ( x. by > + < ty ,x > + ( a , ,k , >

= 11×112 * ZRE ( Kay > ) + 1×1214112

{ 11×112+2 |kx,y>| +1.11214112

= 11×112+211,1 Kx,y>| +11.1214112

Now use a discriminant argument ah

11×+41130 ⇒

144>1411×11414112

I
1<←, > 1<-4×111144 .

This is
, again ,

the GS inequity,
for

ay
inner predict, complex or not .



Exercise : Show Hall is a  norm .
(Siuquuc

e. g. C [ 0,1 ] ( f ,g > = fdfg .

Next HW :  not complete!

Def : A Hilbert space is an inner product space
that is complete writ . the irdueed

none

important  idutites for  i. p . spaces

1) parallelogram law

11×+11112+11×-4112=241×112+1411 '

)
( Sam otsqaesotforsvdes =

MM# Sun otsqwsosdrasnob " )

× .

y



Application : 1122 with Iron  is not  an .  i. p .  space .

t = ( 1

, -1 )

y= ( , , , )

11×+4112=4111-+112=4
11×117 4

14112=4

4+4=12 ( + t 4)

b) polarization :

( R ) 44,417=11×+411
'

.11×+112

(E) 44,7=11×+4112-11++112

to [11×+4112-11×-4112]



As a consequence ,
the norm determines the

inner product .


