
Claim :

IR
"

with H . Hoo is complete

Pf : (1/22) Suppose { pn } is Candy .

Pna ( tn ,4n )
.

Observe lxn . xm| EHR - pm Hoo and hence

{ xn } is Candy in R
.

So xn → × for some ×
.

Ditto
, yn→y for some  y .

But if p= Gm) ,

0 { Hp - Pollak Ix . xnl + ly - 4n| .

Since IX. also I lured → 0
,

Hp -

pnH→0
by the squeeze this and pn→p .



( or : IR
"

with ay now is complete
.

Pf : Suppose It - Il is a  mm on IR " and

{ pn } is Candy with respect to  it
.

Since 11.11 and lltloo one

equivalent
,

{ pn } is Candy with respect to H . Hoo .

Thus pnnsp for sane p ,
w.at . 11.11

. . .

But from equivalence of  norms
, pn→p w.at . Hill

as well
.

Exercise ( HW? ) Any finite dam vector space is

complete .



Def .
A Barad space is a complete normal linen space .

All finite dimensional spaces are complete .

But : Z with lao norm
.

xn= ( ttz
, ... ,

th
,

o
, ... )

Hxn - xmH• E min ( t.tn )
,

so  is Cardy .

But  if x= ( ×H
, ...

,
× ( N )

,
0

,
- .  . . o )

then kx - xnHs, # for n% Ntl .

So xn→/ X .

So the sequence has
no1in

If SEX is a subspug finite dam
,

the S is closed
.



l
,

is Complete

Xn Candy in l
,

Given E > O 2 N
, n ,mzN⇒

Hxnxmll
,

= IE
,

lxnlktxmlkl c E
.

In portrcuhg n.ms ,W⇒ |×(̂k ) - xm(k)|< E ifams ,µ
.

I.  e. for  each k
, a (k) ts Candy in R and courses

to some limit  #k ) .

Q : is x= Gal
,

- ) Eli ?

Q :  
if so

,
does xn→x inl

' ?

A : ( away sequences are bounded
.

So ZM
,

§
. ,

lucky { M ttn
.

For each ,µ
, EE

,

,lxalk)| EM
.

⇒ EN
. .

1×411 s May E%l×k)KM .



Let E 7 0
. Pack N so  mm > N⇒ Hxm - xnll

,
< E

A : K K

Ifr > N
,

[11×44 ' ×nlkY= Lingo
.

E. lxmlktxnlk )|

But E¥l - IE Hxm . x.
11

,
< e ifmsn

.

qSo 1in I E
.

m→o0

I. e §
. ,

|x( k ) - x^(k)| E E if  new
,

FK
.

So §%|x(k) -h(k)|£Eif ns.W
.

So 11×-411
,

{ E < ZE An } µ



HWlooiscamp.la#

If X is a
Banach space and SEX is a  subspace,

S need not be complete .

( ! )

( e.g. Z e loo )

In fact
.

Prop : A subspace of a
Banach

space is complete,
and hence a Banach space , if al only it

it  is closed .

Pf : Let S be asubspace of a
Banach

space X
.

Suppose S is complete
.

Let lxn) be a sequence

files. :S:S"t.is#soEhnyeY?EufInmsism
X as well

,• By uniqueness of kwicb ⇐ yes .

Thus S is closed
.

Suppose 5 is closed . Let (a) be Carolyn( III:aIe÷×I:b:c; "



to same x .

But Siscloxd and hence xes .

This ×n→x in S as well
.

-

Remark : If X is
any n.us .  and SEX is a

finite dam vector space ,
then S is  closed :

Finite dam ⇒ complete ⇒ closed by above
.

.but if S isn't  closed ? We can form J
.

But

is this  a subspace?

Prop : If SEX is a subspace, so  is 5
.

Pf : Suppose I ,IE5 .

So the exist  in
, GLin 5) ×n→ I,

4n→
f .

Thus ( xntyn ) → Ity . But

lntynes Fn
,

so ITFEJ .

Ditto for Scali



Than : Suppose X is a  normal space ad YEX is

a  closed subspace, YFX
.

Given de ( 0,1 ) there exists xa EX with

11×11=1 and Hx
.

. yll > x f  YEY
,

•

×

-€tr#11*-413 '

Almost  optimal :  is ideal
,

but
not typically attainable

.

Pf : Pick  xe XY
.

Let d=yn¥ 11×-411
.

Observe d > 0
,

otherwise  is yn→k .

( z  13 on

Since L
' 1

> 1

,
F

#
Y

,Hx-#/<
I'd . approx

closest point .

Let x×= × - #t#5
so " 411=1

.

1



Hxx . tH= 11

HIS -711

= ¥z, ,

" ?€-1kt
⇐ Y

> d
rain

> x
.

=
.

If X is infante dimensional
,

K={ XEXYHH . By
not compact ,

Pf : Let xi E K .

Let SF span (x
, ) .

Then 5
, is finite dimensional

and hence closed .
There is xz E X

,
11×211=1

,

d(h
,

s
, ) 3 tz

.

Let Sze span ( x . ,n) .
Then Sz is finite dim

and closed . There is xsGb ktsktl , d(x3 , E) 3112
.

Carting mdaetwely
,

{ xn } has not Candy swbseqlkatnllsk
,

n # M
.



Cor : If X. s mf day

{ x : 11×11<1 } is not  compact .

Pf : If  it were ,
K would be a  idosed subset

of a conpaetspece al have

compact
Next  up

: If  complete
,

absolute aevesace ⇒ cawegeee .


