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9) A  is closed off A= A-

10) Cts : :xn→X ⇒ fcxnhsfcx )
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A set A EX is closed if A
'

is open .

XEX is  a  closure point  of A  E X ,f

there is  a seq ( xn ) EA
,

xn → ×
.

A- is the set of closure points of A
.

A e At : why ?

www.stw.tn?gfIY*sIs:Itx#

As a  consequence
At = A if A  is closed

.

Antlers

:#
is closed

.

Suppose to carry Atis not open .
504k$eaehnB±(p¢A ?

So for  each n F × E Btnlp AA .



We will show At is open .

Suppose to produce a contradiction that AT is not open .

Then there  exists pet
'

such that for  all e > 0
,

Be (p ) # AT

This for  each new we  can find

In
E At with

In
e B±n(p )

,

But then
,

since  
t.EEthere is an e A  with

d( an
, #< In .

Notice
,

for  each n
,

dlaup) { Ilan
,
⇒ + III. an )

< tuttn . tn .

This
, knugadlanp ) = 0 and

an → p .

I. e. { an } is a sq in A
anuegg top .

So pet .

Yet peti ,
a  artnhhdnn



-

Def : f : X→Y is continuous at TEX if

whenever xn→x  on X
,

f( xD → FG ) in Y
,

It  acts
,

ifcts ttx
.

Thm : f is ots iff wherever UEY is open,

f-  ' ( U ) c- X is open .

f-
' ' IA

' )= f-  '

(A)
°

so also for closed !

.

e. g. Fix pe X. Define
fl D= dk.ph

,
fix → IR .

Foxx ,

Claim : f  is cts
.

Let e > O
.

Pick See .

If
d(gz)< §

1 f- ( × ) . fC←)|=|d( xp ) - d(z,p)|

But dlgp )f all ×
,# +d(*p ) < S + dcz ,p )

dcz ,p)E d ( x #+ d(#×p) < S + dl x. p )

So

- E= - Ss d( x. p ) - dlz ,p)< S=E
.

Ie
. / d( x. p ) . dcz

, p) ) < E
.



Compact :

A  E X is compact  it  wham { x
.

} Et  as

a  sequence ,
it  admits { xn

.
} , ×q→*et for Some  a.

Than ( Bolzano . Weierstrass )

AER is corporate it  is closed and boarded
.

If X as an abotuy space
and AEX is  compact,

A  is closed + beaded :

bowled : F p , r X a- Brlp )
.

Not bonded : ftp.rfxeX ,
xct Brlp )

.

Compact sets are bonded :

If not bonded
,

find p , xn 's dlxnp ) > n
.

If xnk→ X

dlxnk
, p ) → dl xp ) ( uses mq ! )

But dlxnap) > nk → oo
.



Compact sets are closed :

Suppose xn is a sequence  in A
, ×n→x .

Need to slum xeA
.

Is End, xnk→  a EA
.

But xnk→×
( subsea otanu here some limit ) .

By uniqueness  of knots
,Xia

But caroese is net true
.

loo : set at bonded sequences

x=(X( 1)
,

xk )
,

x( 3 )
,

. .
. . )

d( x. 4) =sqp(lxlktylk ) ) )

II.YFIE?
.

Gaughan
;gn

;
.

No cow swbsezue: d( xnxm ) = I ntm
.

So  no Candy subsequence .



PMFIF
AEX is  compact nd f : X→4 is  ots

,

f (A) is compact .

Pf : Let { % } be  a sequence  is f( A ) .

fk F

xket, flxekyk .

By
can

 actress of A
,

F { kg } xk
,

.→aeA .

But then
, by cortumtn

,
fcxk ;) s fca )

.

That is
, Ykj→ f (a) e FCA )

.

÷
.

If f :X → IR is continuous and X is compact
,

F xmn
, xmae such that

flxnm ) E f(x)Ef(xm× ) f×EX
.

Pf : Let m=inf f ( X )E/R ; since f (X ) is

bonded
, m  is finite

,
and since mfc X ) is closed

,

mc.FI#sFxfX,fCxm)=m.Euvdarty,flxm)ff(x¥
Ditto to mvk

.



Pf : Observe that X is closed and bonded
.

Let  m=  infflt) ( neb ttbeflxl
,

adifay other

Marthasthisproperty mean )
.

Let  ya be a square on FCX) cowesog

toinffk )

1¥ihfffy f
< . . .

For  each n
, puck xn ,

flxrkyn .

Then { a } has asobsqueqinX
, xq→× .

caruegug

but then flak ) → FG )
.

I. e.  ynwsfcx) .

But yq→m ,
and fktm

.



Lenna : If f : X→ ¢ where X is opot,
there exists R such that

f- 4) E Br ( o )
.

Pf : Compact sets arebrunt
X compact

(
#

( X ) IF  
= R on a metric  space .

Idea : First show is a  vector space .

So f- g ECFK )
if

, f. gone .

Then :

dlt , g) =

×syp×
Ifk ) . gk)| f- g is ots

!
A ihq :

For
any ×

,
1 f- ( × ) - gk)| E |fGthlxY + / hlx) . g(x)|

k dlf ,h)
Now take  as op

!



A norm  on a  vector space is a faction X → R

11×11

satang 1) 11×11>0
,

11×11=0 # x=o the #

2)
11×41=1411×11

t*eFxeX

3) 11×+411<-11×11+1411 .

From these
, we set a metric :

okay ) a 11×-411 .

This metric  B computable with v. s . operations :

d ( xtz , 4+2 ) = dlqy ) ( Preserved aide

tnnslakon )

d( xx ,xy)e 11×4 - g) 11=1×111×74

else dlgy )

Exercise : d is a  norm



e. g : R
"

11×11=(91×5)
"2

1)
,

2) travel
.

3) :

Lanna : If x ,yeRn,

IX. 41411×11144

Pf://t.ly//2= 11×112 - Ztx .y + 1*21141/2 30

descnmiunt { 0 : 4 ( x . 4)

2+411×11414112
⇒ KM >


