
* .

A sequence  in a  metric space  is { xk } ?
, xee X H K .

( IN → X
,

formally)

A distance lets you detect  if sequences converge .

Def : { xk } couusostox ( xk → x )

lay tk = x

k→oo

if tt ETO F K such that if k ? K
,

d ( × . ,x)< E
.

I.IY&⇐⇐d'
use }

For  each choice  of ESO
, you get trapped.



e.g. ( 2-
' '

sink ) ,
2- kcos ( k ) ) = xke 422

d ( xk
,

0 ) = 2
"

Given £ > 0
, pik K so small so that 2- KCE

.

Then if KZ K
,

d(%<,o)=2tk< EK< e
.

^

.99
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Lemma : Limits one unique .

Pf : Suppose qxnosx
and xn→y

,
with xty .

to produce  acontndetim

Let e= dk ,y ) > 0
.

Pick N
,

so that  if a > My

dlxn ,x)< E

Pick Nz so if ask
,

dlxn
, g.) < E .

Let Ne max (N
, ,Na) .

They
d( x. ykdlgxn )+ dlxmy)

< Ez + Ez

= E
.

But d( ↳ y ) n E
,

a out
.



Related nation : Cauchy sequences .

"

terms set  closer and

closer together "

Xi = 3.1
xz

= 3.14 |Xn-Xm|{ 10
- " ( usm )

Xz =

.

3.141

'

 
:

Def : Candy if HE > 0 F N such that if

n.ms , N then dlx
. ,xm ) < E

.

Late > 0 . Pick N so 10
- N< E

.

If mm >
N

,
In . xm ) { 10 "fl0H< E

.



Lanna : Convergent sequences are candy .

Pf : Suppose km xn = X
.

nooo

Let E > 0 .
Pkk N•• so that if ns.N

,

d( xnx ) < E
.

Then
,

it n ,m3N
,

dlxn ,¥m)<dlxn,x)+d↳×m )

L E + E
z z

= E .

Converse  is not always true :

e. g. X= ( 0,1 ) in R
,

with usual am

xu= tn as ,Z

xa → 0 in R

⇒ Candy

but  if  a →  xm ( 0,1 ) it also congas in R
, which

violates uniqueness
of limits

.



More Fusions . Q has the some problem.

3
,

3.1 ,
3.14 ,

- ...  is ( way in Q
,

bolt not caught
in Q ,

Critical concept : A  metric space is complete if every

Candy sequence in it converges .

Power : You  can detect convergent sequences without knowing
what the limit  is !

-



& ) open sets
,

closed sets
Z

as  complaint

7) point otolosve xn→x

8 At = U of all points ofobsus

9) A  is closed off A= A-

10) Cts : :xn→X ⇒ fcxnhsfcx )

(4 ,wbo)

11 ) ( pot "

sqs tune cow sdosqs

-
A set UEX is opec it Kx

EU
Fr > 0

,

B.to#e?eEaicP



A set A EX is closed if A
'

is open .

XEX is  a  closure point  of A  E X ,f

there is  a seq ( xn ) EA
,

xn → ×
.

A- is the set of closure points of A
.

A e At : why ?

www.stw.tn?gIIxt*gIs:Etx#

As a  consequence
At = A if A  is closed

.

Aukese

:#
is closed

.

Suppose to corky Ac is not open .
So%o]FeaehnB±(p¢A ?

So for  each n F × E Btnlp AA .



-

Def : f : X→Y is continuous at TEX if

whenever xn→x  on X
,

f( xD → FG ) in Y
,

It  acts
,

ifcts ttx
.

Thm : f is ots iff wherever UEY is open,

f-  ' ( U ) c- X is open .

f-
' ' IA

' )= f-  '

(A)
°

so also for closed !

.

e. g. Fix pe X. Define
fl D= dk.ph

,
fix → IR .

Foxx ,

Claim : f  is cts
.

Let e > O
.

Pick See .

If
d(gz)< §

1 f- ( × ) . fC←)|=|d( xp ) - d(z,p)|

But dlgp )f all ×
,# +d(*p ) < S + dcz ,p )

dcz ,p)E d ( x #+ d(#×p) < S + dl x. p )

So

- E= - Ss d( x. p ) - dlz ,p)< S=E
.

Ie
. / d( x. p ) . dcz

, p) ) < E
.



Compact :

A  E X is compact  it  wham { x
.

} Et  as

a  sequence ,
it  admits { xn

.
} , ×q→*et for Some  a.

Than ( Bolzano . Weierstrass )

AER is corporate it  is closed and boarded
.

If X as an abotuy space
and AEX is  compact,

A  is closed + beaded :

bowled : F p , r X a- Brlp )
.

Not bonded : ftp.rfxeX ,
xct Brlp )

.

Compact sets are bonded :

If not bonded
,

find p , xn 's dlxnp ) > n
.

If xnk→ X

dlxnk
, p ) → dl xp ) ( uses mq ! )

But dlxnap) > nk → oo
.



Compact sets are closed :

Suppose xn is a sequence  in A
, ×n→x .

Need to slum xeA
.

Is End, xnk →  a EA
.

But xn
,<

→ × ( subsea otanu here some limit ) .

By uniqueness  of knots
,X=a÷

But coroese is net true
.

loo : set at bonded sequences

×=(X( I )
,

xk )
,

×( 3 )
,

. .
. . )

d( x. 4) =sqp(lxlktylk )| )

x. = ( to ,
... )

Yz ,( 0,40 ,  
- . .  .

;
.

No cow swbsezue: d( xnxm ) = I ntm
.

So  no Candy subsequence .



PMFIF
AEX is  compact nd f : X→4 is  ots

,

f (A) is compact .

Pf : Let { % } be  a sequence  is f( A ) .

ttk F

xket, flxekyk .

By
can

 actress of A
,

F { kg } xk
,

.→aeA .

But then
, by cortumtn

,
fcxk ;) s fca )

.

That is
, Yk

,
.→ f (a) e FCA )

.

÷
.

If f :X → IR is continuous and X is compact
,

F xmn
, xmae such that

flxnm ) E f(x)Ef(xm× ) f×EX
.

Pf : Let m=inf f ( X )E/R ; since f (X ) is

bonded
, m  is finite

,
and since mfc X ) is closed

,
m←flX )

.

This 7 XNEX,f(xm)=m . Euvdarty,

flxm )ffC a ) Fx
,

Ditto to mvk
.



Lenna : If f : X→ ¢ where X is opot,
there exists R such that

f- 4) E Br ( o )
.

Pf : Compact sets arebrunt
X compact

(
#

( X ) IF  
= R on a metric  space .

Idea : First show is a  vector space .

So f- g ECFK )
if

, f. gone .

Then :

dlt , g) =

×syp×
Ifk ) . gk)| f- g is ots

!
A ihq :

For
any ×

,
1 f- ( × ) - gk)| E |fGthlxY + / hlx) . g(x)|

k dlf ,h)
Now take  as op

!


