
Functional analysis concerns
,

in the beguunms
,

linear algebra
on  infinite dimensional Vector 3 pieces .
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Why do we care ?
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So
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the problem of finding a  solution otths turn ODE

reduces to fades the solution of
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( This is what defines a Linear up
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why is GET ,t] oo - dim ?

what  is the demeanor of a cake spacer
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This works for  infante  collections
,
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with the coat
that we don't add oo - he may things ( canons soon ! )
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Bases
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A basis for  nveekr space is  a  collection { xp}
that DzgSpurs i. e . ay one is a fatote then combo

lively independent.

A.space is r - dam if  it has a bases with

n . vectors .
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Fact ( from L A)

If V is finite dimensional
,

af dimension n
,

Then any lonely independent collection otocofoog
has  at most n elements .

Otherwise :
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We have functional analysis because we need to add infinitely
many things :
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You
 might  ask

" for  each ×
,

fk)=

Fates
only

"

.

But this won't let  you do calculus :
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ftp.s.nckx
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Another distance : f
,

and fz are close  if

fjttf - fatdx . > small ( L
'
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or fjtlf,
. f.) dx is small ( L
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Genuinely different wtiars of distance

fn
is possible .
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Metric Spaces :

1) define
2) lz

,
li

,
le•

3) caught

4)
Candy

5) limits acmoqce

can - ⇒ Canty
sobsqs carcase

56 ) open sets
,

closed setsz
as  complaint

7) point of  alone xn→x

8 At = U of all points ofobsus

9) A  is closed off A- A-

10) Cts : An → × ⇒ fcxnhsfcx )

(4 also )

11 ) ( pot "
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Metre spaces :

distance : d :X # → R
.

ttxn ,zeX : dl * y ) % 0 Go # x=y )
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- allows length estimation
.( triangle inequality .
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A sequence  in a  metric space  is { xk } ?
, xee X H K .

( IN → X
,

formally)

A distance lets you detect  if sequences converge .

Def : { xk } couusostox ( xk → x )

lay tk = x

k→oo

if tt ETO F K such that if KZK
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d ( × . ,x)< E
.
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For  each choice  of ESO
, you get trapped.



e.g. ( 2-
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Lemma : Limits one unique .

Pf : Suppose qxnosx
and xn→y

,
with xty .

to produce  acontndetim

Let e= dk ,y ) > 0
.

Pick N
,

so that  if a > My

dlxn ,x)< E

Pick Nz so if ask
,

dlxn
, g.) < E .

Let Ne max (N
, ,Na) .
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.

But d( ↳ y ) n E
,
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Related nation : Cauchy sequences .

"

terms set  closer and

closer together "
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- " ( usm )
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.
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Def : Candy if HE > 0 F N such that if

n.ms , N then dlx
. ,xm ) < E

.
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Lanna : Convergent sequences are candy .

Pf : Suppose km xn = X
.

nooo

Let E > 0 .
Pkk N•• so that if ns.N

,

d( xnx ) < E
.

Then
,

it n ,m3N
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z z
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Converse  is not always true :

e. g. X= ( 0,1 ) in R
,

with usual am

xu= tn as ,Z

xa → 0 in R

⇒ Candy

but  if  a →  xm ( 0,1 ) it also congas in R
, which

violates uniqueness
of limits

.



More Fusions . Q has the some problem.

3
,

3.1 ,
3.14 ,

- ...  is Candy in Q
,

bolt not caught
in Q ,

Critical concept : A  metric space is complete if every

Candy sequence in it converges .


