
Uniform couregue plays nicely with continuity and integration.

Prop : Suppose fu"X-Y one all continuous at some xotX

and converse uniformly to a limit f.

They of is continuous at No ·

"Uniform Init of ats functions is ofs . "

Pf : Let a 30
.

There exists N such that if ns N

ten dr (f(x) , felx)) < < for all x - X .
Since fr is continues at to there exists 830

such that if dx(x0 , x) < 5, dy (fr(xo), fr(x)) < d-

Now
,
if dx (xo , x) < S



dy (f(x), f(x))-d(f(x0) , fr(0)) +
dy(fr(xosfr(x)) +

dy (f(x)
,
f(x))

x + E + E

= 3 E
.

Hence I is continuous at to · B



Integration

First version:
=7 Rieman int.

-

Prop ! Suppose (fr) is a sequence of continuous

functions as [a
,b] and fut of uniformly .

Then I is Rieman integrable and

. . fedx= J fadx
-

!
o
Sota-Sof

Pf ! Since fitf uniformly
,
f is continuous and hace

Renaminteseble- =627 , leta



Pick N so that if exN
, If(x)-falxi/< & for all

x = (a
, b] : Then

,
if nYN

Is! -Si)= /S!-+ /
S

.

- f

! E

=(b -a) E . f - fn
N

Hence S! -> If . -fe of



Differentiation :

fax) = 1 x fit O uniformly
fo()=1 ·

fi -> 0' even paintwise

fa(x) = a sin (ax) on [q
,+]

EI
Git O

uniformly,

f.(x) = cos (nx)



H-

itset,~I ......... -
~

-



Prop : Suppose (ful is a sequence of functions on (a ,b]
such trut

1) Each fr is ats
,
and differentiable on 29

,b]

2) Each fr is continuous on [a ,h] (A)
3) fr -> o uniformly for some y

↑) AnkoL to C for some CERR and xo [ab]
.

Then there exists a differntable function for Cryb]
such that

1) fatf ouformly
2) f is differentiable and f =g
3) f(x0) = c



Pf : Observe that for each n

fax) = fr(xo) + S
,

"fuls) ds
.

This follows from the FTC using
the fact that

each fr is continuous

Since fo -> I uniformly and since fu(yo) -> a

Takeis t as d Lore cust a en

that fa o pointwise
.

Because
g is a miform



limit of continuous functions it is continuous and
the FTC then implies

f(x) = g(x) .

Evidently f(x) = c ad it remains to show fatI

unforty ,

Observe that for
my x
<(a

,b]

(f)- f(x)) = / fila) + ( funds - (f(c)+(" &s))
= (f- (a) - f(x))+ )J.fi- f((s)ds) .

I



Let E20 · Pick N so Tht i n > N then

Ifu(a)-f(aL/< e and such t Ifu'(x) - g(x)/22
for all x -> [a

,b] · ISH-f))= S:-fl
Hence
,
if nDN -

S
.

E

(f(x) - f(x))< + 1* a =(x -a) - E

<(b-a) . 9
= 2 +

(x-a)

<(1 + (b -a))E ,

for all x = La
, b] · i


