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Continuity of Linear Maps

Lemma : Translation is continues of a normed vector space.

(Txx) = x + xo
, To is cfsL

.

Leana : Suppose T : X-Y is liner
. Then

T is continuous it and only if it is continuous aft.

Pf: Evidently, if T is continues the it is continuousat0
,

Conversal
, suppose T is continues at 0 and that

xn -> x in X
. (Want to show T(x) -> TIL

,

However x - x - 0 so



T(x -x) -> T(0) = 0 by continuly at 0 .

But then T (m)-TK) - 0 and by continuity
of translation T (x) ->T(x

·

-

We're going to characterize continuity at 0
.

Def: A linear
up
T: X-Y isd if the

exists CT0 such Mat

11T()/1y > CIxx fo all x +> X .



Prop : Suppose Tix-Y is line. The TFAZ

1) T is bandal

2) T(B, (OL) is a banded subset of Y

3) T is continuous at 0
.

Pf: 1) = 2)

Suppose T is boaded with associated constant C
.

Let a = B , C0) . Than 11TKilly & Call
y
<C

.

Hace T (BYCOLL & B, 10) ·
2) 231)

Suppose T(B,(02) = BY (0) .
Consider some x6X

,
XF0

.
Then



2 x
= Bi (o)

.
So T (2x1) = BY Co) .

Have IIT (=!) 11 , C .

But Il T (Ex) /I = 11 xxTM2 11- :, 11T (x)11 no
Hace IITK11y LICAxx . So T is bounded

2) = 3) Suppose T(BY (OS) is banded and have contained

in some BY COLL
,
CTO

,

To se that T is continuous let &30
,

Let S = E/c ·



If I/x-o11x < 8 Men x=B (0)

and I x = B
,

Y (0)
·

So T(x)- BY (0)
and have

, by linearity T(x)C BY (0) = Baco).
That is

,
11 T()- Tilly <E .

3) =2) Suppose T is continues at 0
. Taking &= 1

we can find 230 so that if Ix1x4,

Il TE) /y < 1 .

Hence T (BY(07) = B
,

"

10) and

consequally T (BY(0LL = Big (0) ·



CExecse r T(Bgloc) = T(BasconL
.)

is

z El
I is unbounded Ifallz = 1

yo : (I , ...., 1 , 0, - c & I fille &

en

N

-

Cor· Normed spaces, X, and Ye (being X with
noms Molly

and III.ll2) have equicalat metrics it and only it

there one constants c ,
C with



HIIIIII, IIIXIII-

fo all aEX .

i : x, X2 is continuous
.If The is C30

with N(x)(I2 = <IXIII
,

cts

(X,di) -> (X,de)
x-X

(x
,de) * (X,di

11 x/loo < 11x1), =n 4xloo ouRY



T :

Xe Y
,
Iinear

T is ats ETI C sit
,

(a) MCIIx & xEX
.

↑
If &3C Ton it also works

What is the best possible that works?
If xF 0

,
than we can neurite (x) as

i



⑭
Y

works as a best possible C.
11xIx
E

*
Il Tally *

1)Ix

IIIII
,

opemento wor ofT

IITl=



~ banded]
B(X, 4) is the set of all tes linear mops

from X to Y

Execue : Hill
,
operator now

,
is a

namon
B(X
,Y) .

zi
11 xloo & IXIy 1/ x 1)

,
a) n //xlog

1) xloo & IIx12 11 x Iz - On IXlog
1 allz IXI

, Il all
, On alle

On IRY, the ly be and foo norms are all equivalent



Claim : On RY
,
all nors are equiculat,

III- Il . Il
,

2(k)
= (0, .., ) , t- - 0

↑
k

Ill xII) = Ill [xxell) ->Ex) Ilanall
2 =

max (1) ex(1)
11x1) - (11)< = C 11)

,


