
Cor : If f : XY is unif.cts ten of takes

Courly sequences to Lady sequences .

Pf: Suppose (xn) is Carly in X
.

Then [x : nEIN3 is totally banded as is

If(n) in /N3 ,

Here (f(xi) is Caodly ,



Prop : Suppose X is compact and fix-Y is is .

Than & is uniformly continuous
.

Pf : Suppose to the contrary that is not uniformly continuous.

Then there exists In such Mat for each melN we can fand

an and bu such that dxCan , bu) I but dr (f(a)
, f(bal)" d.

Since X is compact we can extract a convergent

subsequence (angh will ans a
for some a = X , "AWe clau that but a as well

Observe dx (a, ban) dx Ca, anch+ dx (an
, :
br
,)

- dx(a ,an) + is



Since dx(a,and -0 and since ht we

fand ba- a
. By continuity flank -> f(a)

and f (bmc) -> flab . But this contradicts the

fact that dy (fland , fibu))> & for all k
.

i

Task : A = X

f : AsY continues
S

↓

continuous

Ca we construct I : A -> Y

such ht I/A=f .



Y
↓

A:⑧ E
↳

f(x) = 1 m
(0, 1] I

f(x= anC a 10, 13 NA



Thy ! Suppose A =X , f : A Y is uniformly continues,

Y is complete and A = X
.
Then there exists

a unique continues I : X - Y such that If.
Moreover
,
I is uniformly continues .

Pf ! Let x EX .

Let (a) be a sequence in A converging tox.

Since (a) is Carly and since f is uniformly containers,
(f(an)) is Carcly . Since Y is complete, f(an) -> y
for same > Y . We define F(x) = y ,
Is I well defined? Consider motor sequence (bn) with
bu t xo Now construct the shaffled sequence

(a
,
bi
,
an
s
ba
, as , bas- -.. ( -

The shuffled sequence also conceses to x and by



the orgment above (flail
, f(b),f(az), f(bz).... (

comeses to some %. But (fal is a subserver

and concess toy so i = 4 . But the flop) -y
as well

.

Note that if x=A we an use a constant sequence to find

F(x) = f(x), F is an extension at 1.

To see That I is miformly continuous let 2 >0
·

Since o is uniformly continuous we can fund 220

So fahat if a beA and da
, b) < 5 Man d(f(a)

, f(x)) < -

Now consider x
,
we X with d(x, m) < 5/z .

Let Con) and (in) be sequences in A convers to

x and w respectively . Pick N so that if use



dan
,
x) < E and d)b

,
w) < E .

Then

if : N

d
. Dansbn)4d(an , x) + d(x,w) + d(w, bn)

(5 +
+ E -

= So

So
,
if nxN
,

d (flan)
, f(b)) <E -

Now flan) ->I(x) and f(bn) -> F (c) ·

But d (F()
, F(u)) = f(an)

, f(ba)) - E > d .

In particular I is continus
.

The uniqueness of the extension
follows Sum a HW exercise

,

B



some comeget sequences
.

Metricsmetthey determine the

M -4 ET X-
⑪

da

() If is

t
x the

de
*T

(X
, di) (X

, de)

X
,

Xz

idea
: X

, - Xe

id
,z(x) = x .

(xx) idea is continuous



d
,
and de one equal if

idea and idas=(idiz)" are continuous
,

⑲
In the context of nomed vector spaces

(X , 15- 11.) (X
, 11.12(

we have idia : X-X ,

I claun idiz is linear,

id(x ,
+ xz) = id

,
z(x) + idz(xz)

id
,2)cx)

= cid
,
z(x) -



id
,z(x, +xz) = Xitxm = idie(x) + idi(x2)
id
,
(x) = cx

= cidie(x)

Are liner maps always continues?

No
,

P[0, 1]- PC0, 1] Illoo

Pu(x)= I x Pat O

(x)= x if x = 1 this is 1
.

1
↓
131 for all n

.

Pato Iprillo 1
,

So din) to 0
.


