
Laudy sequence in A with a anvesant subsequence
(inA) und have converges in A .

-

UpBlof:

Tun
: A subset A&X is compact If

it is complete and totally based
.

- -

X = 1 R : complete Ex closed I : totally bondedE bourded

IR : compact Ex closed+ bouded



① : Given a compact metric space what are the compact

subsets?

X : comput

A = X Since X is totally banded , so isA .

A is complete Et it is closed,

Prop ! If X is compact and A=X Then Ais compact

=closed,

Continuity need not preserve completeness now

total bandedness
E



f(x) = G Co, 1] f(C0 ,1) is not boarded

R -> (-1 , 1)

The combinations of the two , compactness, is preserved by continute,

Prop : Suppose fi X-Y is continuous and KEX is

compact. The f(K) is compact as well ,

Pf : Let (yn) be a sequence in f(KL
.

For each n we can pick xn7K with f(x)= yn ,

Since K is comput we can extract a subsequence

Xig caresig to some x =K . By continuity
f(xj) - f(x) f(k) -



That is Yes+ f(x) = f(K) ·
-

Cor : EVT (extreme value theorem

Suppose X is compet and fixe is continues
.

and nonempty
Then there exist you and xm in X such that

for all x =X
, f(xm) - f(x) < f (xm)-

Pf : Since X is compact, f(X) is a compact subset

of IR and is have boaded and in particular bouded
2) It is nonempty as X is :

above
.
Let B = supf(X) . There is a sequaee by

in f(x) conversig to B . Since f(x) is compact it is closed

and have Be f(x) . Hence Here excats xn+ X with flxa)=B . is



-me

f(x) =B

-

C 30
, 13 = 2 f : 20

, 13- 1 : + is cts
.3

11 floo = zo
,

1f(x)) = mex If(x))
x 20

,13

If X is compact we can define a scilar space
-

CX) = 3 f : X- IR :

f is continuous 3

Ilfoo x1f(x)) (this is well defined because

X is compact)



Exercise : I lloo is a mor on ((X) ·

Q : What subsets of CCXY are compact?
C[0,1]
-

Topological compactness :

A
space

X is topologically compact if where

EUR is a collection at open sets in X with

WUa= X ten there is a finite sub collection

Ja
, ...

Van with Jap Xo

Equivalently , X is topologically compact if wherever



SFrB is a collection of closed sets in X

↓ nonempty
with the finite intersection property (i. e. any finale

collection of Fas has venemly intersection) then

d. (E)" G
UE) * X

(Exocise : use DeMoramis laws to show these

are equivalent)
.

Compactness and topological compactness are the same .

(See text)



Uniform Continuity

Def A function fi X-Y is uniformly continues if

for every 220 the is 630 so that if

xisxzGX and d(xyx)<5 Men d(f(x
, ), f(x)) <do

One I works everywhere

E , g .
sin is uniformly its

it's Lip . with Lip , const 1
.

/sin( ,) -sin(e)l (x , xe)



More geneally, if f is Lip. its , with

tip . costk the is unit
, continue

,

d(f(x)
, f(x)) kd(x , xe) -

Given Ex0 , pick & = </K : f(x) =X

~
I-

+ O I

= ↓ - as duo.



2
. 9 , f(x) = x2 f: R - IR

this is not uniformly its ,

Def A function fi X-Y is uniformly continues if

for every 220 the is 630 so that if

xisxzGX and d(xyx) < 5 Men d(f(x,)
, f(x2)) <do

There is a bad &30 That for all 330 Here

exist unfortunate X
,
and xe such that d (xyx2) <S

but d (f(x)
,
f(x2))>, E



x >0 43 0

X
,
= X (f(x -) - f(x))= |xix, )

Xz = x + h
= ((x+h)= x ")
= 2xb + h2

>2xh

E
.

= 1 570

Pick h < S
0
Pick x > In

(f(x)- f(x)) > 2xh > /

1 - x = h <S



ia
N



Equiralat formulation :

F ET0 there exists 870 such that

for all x GN f(Bg(x)) = B
,
(f(x))

.

Exercise : show Mus is equivalent

uniformly( !)
Prop : Suppose fi X-Y is catmuns,

If A 1X is totally banded than so is f(A) ·

Pf : Suppose AIX is totally bonded
. Let &30

and find 8 30 such that for all x+X, f(Bg(x)) = Bq(f(.



Since A is totally banded there exists a d-not

ass .., on for A
.
So A = Bs(Xa) .

k= 1

But Man f(A) = f(U , Bs(xx)) 2
⑦ f(Bs(x))

k = 1

=B
=
(f(x))

.

k= 1

there f(x) , - .., f(xc) is an an est for fiAl
.

I


