
Thus Suppose X is complete . Then A*X is

complete if and only if it is closed ,

Pf : Suppose Al X is complete . Suppose Sand

is a sequence inA converging to some xe X
.

We wish to shaw xE A . Now Earl is

convergent and hence Candy in X and therefore

Camely in t
. Since A is complete, the sequence

converses to some a in A. But comegece in

A implies conveyance in X . Since limits of sequences

in X are unique, x
= a = A

.



Suppose A is closed and let Ean3 be a

Carly sequence in A . Then it is also Cauchy in

X . But then it converses in X to a lit xo

Since A is closed it contains the limits of its
convergent sequences and x-A. But then

Ea3 converses in A to x as well is

-

Def : A mach que is a complete normed

linear space .

e
. g . R



Y (n) loo

Iz (h
, for

, co)
a

(CC0, 13 , 12) not complete
-

Given a somed rector space there is a standard tool

for shours that it is complete .

xk & (xal wesay D is absolutely
k= 1 k= 1

concesert if & is .

① ⑧



El is convergent but not absolutely convergent.e
Frau underad analysis : absolutely unweserf series converge ,

Thun : A nored linew space/s a Bannch space

if and only if every tely at
series in the space converges ,

Def: A series Y is absolutely conversant if

if Il all converses .



Pf : Suppose X is complete and Y is

absolutely convergent
.

We wish to show fut the

series converges, i. e. the sequence of partial sams canrese.

Let =E *10 Then if NCM

Ilaw-smll=1 ErYI) - E * l .
Since the series All concess. is
sequence of portral suns is conversant and hece

Camely. But the so is [S3. Since



X is complete, the seqece [S3 courses ,

that is a converse.

-

Caesely
, suppose absolutely cresent series in X

converse .
Let [x3 be a Candy sequence in X

.

Find N
,
so Mat if nmyN

,
the 1x-xall? -

End Ne3N so that if n
,
my,N2 than 11x-xall < In

Continung inductively choose My N such that it

- m>
, Nks 11Xn-xmll & Eke ·



Consider the subsequence EXN
,3

Observe

Xa
= Xe

,
t Coz-XN +- : + Can rathe

k
Moreour 2 Il Xs-xill& it

.

j
= z

By the
comprison tests Sellers-X,ll is concesent

and have Ex,-xus-c) is conversant also,, as 1300

-Nor
But then 3x3 converse as well o

NK



But then ExR3 is a Canaly sequnee witha

convect subsequence and if concess .

-

Def : A set A in a metric space is compact if

every seque in A has a subsequence that

conreges to a print in A .

Lama : Suppose AX is complete and totally banded .
Then it is compact .

Pf : Since A is totally beaded
every sequence int

his a Camely subsequere which converses in A

by the complete nass ofA ,



Lemma Suppose A&X is compact . Then A is totallybaudsel
.

PF : Let Sen3 be a sequent in A ,

Then it has a subsequence which converges be some

point in A .

This subsequest is Lucky and have

A is totally banded .
Lemma : Suppose As X is compact. Then A is complete.
Pf: Let San3 be a deady sequence in A .

Since A is compact the saquee has a convergent
subsequence converging to a point in A . So it is a



Loudy sequence in A with a anresent subsequence
(inA) and have converges in A .

-

UpBlof:

Tun
: A subset A&X is compact If

it is complete and totally based
.

- -
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y = x
, ob

e

41+42 = x2 E Yk S = E⑰
k= 1

41442443
= X3

S
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