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finitely may es .
So there is no 1 nat.

The set A is boaded (it's contained in a ball of

radius 10 centerd at 0) but not totally banded,

Lemma : A set A = X is totally boaded iff for every
E20 the exist A ..... An with diam As E

and A & Ako
k = 1

Pf : OO ⑧ see fext.08AW *0O O00O



Cor : [0
, 1] is totally bounded

,

Use subterals [In, ] Iken
-
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, n dian (In)= In

~ In = [0 , 1]
k= 1

Exercise : [-R
,
R] is totally banded for all R>0

.

Exercise : If BEA and A is totally bonded

Ma B is totally bonded
,

Exercise : bounded subsets of I are totally bonded



Total bandedness is closely connected to Carey sequences,

Lana : Suppose (xn) is Camely o Then Exn : neIN3

is totally bounded
.

Pf : Let 320
. [Job : find a met] . There exists a

such that if
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, x, .... XrB is on a net
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Indeed if usN than d (X
,
x) < 2 and

xntBa(Xr) . Otherwise xn+ Ba(n)o



Lemma ! Given a semuace (x) , if Ex : NEINB

is totally bounded
, then the sequence admites a

Loudly subsequence .

Pf : If A = Exine/NB is finite the we

can extract a constant and hace loudly subsequence
,

Otherwise
, suppose A is infinite. Since A is

totally boaded the is a subset A
, with

dian A, and such that A ,
contains infinitely

may points of A .

Since A , is totally banded and infinite it admits,
iffinte
asubset An with down Aza



Continung inductively we can find rested sets
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with XnatAz :
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This is possible since An &, Xu
,

is infinite,

Continuing inductively we select indices &<ned---

with tap: Ank-



I clom (YnxY is Candy . Indee Let &20
·

Pick K so that 1 <9
:

K

Then if k
,&K than xx - Ap = AK

xr = Ar = Ax
and hence d(Xx

, xp! <Is <9 ·
e

Thun : A set A X is totally banded if every
Sequence in A admits a Candy subsequence,

Pf: Suppose A is totally boarded. The it (A) is
a sequare in A

, ExnineINB = A is totally banded



and the previous result implies the sequence has a

Carey subsequence
.

Suppose A is not totally banded ,
Sob : Find a sequence with no landy subsequence]
Since A is not totally bonded there is 970 such

that A does not and mit an 9-nato

Let ast to I claum that Al B
,
(ai) F %

This is true
,

So othe 34 , 3 is an E-nete

Pick az E Al Bala,) . Since Eaa is not an

<-net
,
Al EBa(ac) + & :



Continus inductively we can
fund

a sequence (a)
with each as in A and d(apsie) 9 it Klo

No subsequence can
be Camaly , Hor my cardly subsequence

would catan two terms at distance
n z fun ach

o not th

other
,


