
fat" 1paios *
-

1
F(fn)= 0

" F(1) = 1

F(f)- F(1)
No

:

not continuous
,

fatsf

F(f) - F(f)
-

G(f) = S !f(x)dx 6 :

Cl0
,1] - R

Is G continues if CC0
,1 has the L

,
worm?



Given fig t (C0
, 1]

(G(f) - G(s)) = 1 Siflid-S
:

s*&x

d(G(+), G(s) =1 !Ifx - six)&x
↳ S! If() -ski)dx
=Ilf-gII

,

= di(f, a)

Let 330 . Pick &: S
.

Then if d
,
(f
, g) <S



the inecully above shars dis (G(f), G(g))<Ilf-gII
,
< 8 = d

-

Alt
:
If fitf than 16(f)-6(t(1) farfll

,
to 0

.

So G(f) -> GIf) .

Exercse: Show (C90
,1] , Lo0 > (C20

,1
,
2

1 7
f f

is continuous
. fitsf-> fatsf

6 :
(C [, 1]

,
(0) -> I is also continues

- -
C20,1
,
Low is R⑧ ⑬



Exercise : If
fi XeY and

g
: 4 - E are continues then

got : X -> I is also continues
.

(Two ways ! E-s
,
sequence

E
. g . P[0, 1] = <[0, 1] (200)

D : PC0, 17 -> PC0, 1]

D(p) = p'C derivative of p .

Pn(x) = I x"
IPnk))- n

I Il Palloo > I
P,

B

- " llpn -O loo In
③* Part 0
L- Low



↑
D(Pn) = x

- D(n) D(o
Loo
-

- D(n)(1) = 1LI
fr g = fnkx)- g(x)

DD(0)so D is not continuous
.

↳



Suppose f : XRY is continuous and a birection
.

Must &" be continuous? No !
-

E
, g .

"Komeomorphism"
f

[0 , 2 i)
-> s

-> mit cicle in I

f(0)= (cost
, sint)

f

L
-

QEur W

-

f- 1



Claim : I"is not continuous

I'll show I xn's in S

x - X

f(x) +y f -(x)
xn = (cos) -!)

,
sin (-+)) t S

f -( x ) = 2i - 4

x- (1
, 0) x(,0

f-((1 ,0)) = 0

f-(x ) - 24 = 0 = f - ((1
,0)

So f" is not continuous .



Def : A function f : X-Y is an isometry if

far all x
,
x2tX d(x

,x) = d( +x, +(x-)
10 - same

metry -> distence
f(x) = x

e
.gf : R- IR f(x)= x+1

f(x) =- x

f(x)=- x + 18
-

Exercise : Shaw that on isometry fiIRB IR is uniquely
determined by its action on two points.
That is if x , xztI x* x2 and if

fi
, f : IR-IR are iscometrics with fi(xi) = fz(xi)

i= 1
,
2



ten fi= fz : Use this to show that
every

iscnety f : RAR has the form

f(x) = x+ c or fix) =-x+ for

Some -R
.

f : R -> R sarety

f(0) = YoI-Yof(1 = 540+) 23f(x)
= x+ 40

Yo-I

Are sunetries always injective ? Yes ! If x
.
I x then

d(x
, xz)20

Sod(f(x) , f(x)) = d(x,x)>0



So f(x) + flxz) .

Subjective? No ! Put a line in the place

-W
Exercise: A surjective isometry always has a continues inverse

(which is an isonetry),

Note: isanetries are continues for if in-X

then &(f(x)
,
f(x) = d) xn

,
x)- 0 so

f(x) - f(x) .



liner spaces --> linew isomorphisms

(bijcatue liver maps)

topology he hameomorphism

gre ↳ morphism
↳ 1127 , t

E1 , -13 , -

-of R : eney banded sequence
has a conversant

subsequence
.

Is this true for metric spaces? No
. Two thins an so wians



1) Completeness↳,
-- -

Bonded sequence in t
conwrsig

2) Someth else . (Total bondedness)
ent loo

en
= (0, 0, ---/

1
,
0
....

↑
with positi

Sen 3 is bonded in loo

Do The ens converge?

1) en-emlor- 1

= am


