
Closed sets are completely determined by convergne of

sequences,

Two metrics might be different but still determine the

same conversat sequences. In this case
, they detamine

the some orpen and closed sets.

Exercise : An abiting uncon of open
sets is open .

Exercise
: An arbitry intersection of closed sets is closed

.

An abitry intersection of open sels need not be open. (int)
Def: Given a set d in a metric space, # . ( .

He closure

of At is the intersection of all closed sets containingA
.



Observe
: A is closed ! It is the smallest closed set

contains A,

Prop : LetAs
X and lo xEX

.

TFAE Yead

1) x = F

2) U9T0 Ba(x)1Af 4 (i . e. IyeA with d(,x)()
3) there is a sequence in A conversity to x .

pf : 1) => 27 via (2) => ! 1)

Suppose for same E30 Balx1A= %. The Bak= A .
Since Bax)" is closed and contains A

,

= Ball"-

Hence x &F
.

2) => 3) For each neIN pick xn G BynCxLlA -



Then (x) is a sequence in A with d(x,x)<t-0·
So xn> Xo

3) = 1)
Suppose (xi) is a sequence in A converging

to x
.

Then it is also a sequence in
.

Hence the lut

of the sequence is also in
s

↑
(x ! )
-

Note : & = R
. -

M

A is the set of points in X that can be approximated

arbitrarily well by things in As



Def : We any A is dense i X if # = X.

A space X is separable it it admits a countable
-

dense subset

Countable is manuseable
, separable is almost as good,

-
P[0
, 17 = <[0, 1] Is P[0,] open

?

closed ?

polynomials O this

d

#
dense? We'll proce

*



Indeed
, polynomials witha coefficients de dense

in CC0
, 13 . (Which leads to C[91] being separable)
-
Metrics on related spaces,

If A = X the A is a metric space in its ow night.

d(44) = dx(x,y)

Exercise : UC A is open
I VEX that is open

and U = ARV
.

W = A is closed &TI I EX that is closed

(3 a seq .
ad

W = AnZ
.

i A as xn = x E]
X

is X
X -

X



Product spaces

X
,
Y metric spaces dx

, di

XxY = E(x, y) : x+X, yeY3

(xn
,
Yn) -> (x , 4) ET nex

,
in y

dx(xo,x) + dy (40
,+1)

dxar ((x0,yo , (x, 4)) =+doe)E Imax (dxx0,x) , dy Cyo, 4 ,1)

Sa
all metrics



nity Def: We say
f : X-sY is continuous at xxX if

for all >0 there is 270 such that

for all
y
EB
,
(x)
,
diCf(x), f(e)) > E .

-

4 wit dx(x,)<5

filR -> i is its at Y if for all 270 there exists

530 such that for ally with 1x-y)<8 then

If(x) - f(y) ( < 2 .



x E
⑧· R

⑥----80 8
:

/ f(x)
↳⑧ ↑

A function o is continuous of it is continus at every print.

Daf: A function & : xBY is sequentially continuouss of

xEX if whenever xn+ x> f(xa)t f(x) ·

Prop : I is continues at X -> f is sequentially continues
at X

.

Pf : Suppose o is continuous and xn + X
.



Let 970
. Then since f is ots

,
there exists 670

such fat f) Bg(x)) = Balf(x2) · Since

xn there exists N such Mat I as N
, xneRg(X) .

But then
i nxN

,
f(x) = f(Bs(x)) = BeCf(xIL .

Hace f(x) -> f(x) ·

Conversely, suppose o is not continuous atX
.

Then there exists 230 such that for all $30

f(Bs(x)) & BaCx) . So for each ne IN

we can prek xnt Byn(x) such that f(x) * Balf(x) .
Observe xn -> X . But f(x) -> f(x)

Since Balf(x)) contains no tems ⑮
of the sequence.



Eis
.

F : <[0, 1]- R

F(f) = f (0)

F(exp) = 1 (e = 1)

F(sin) = 0

Is Fcts if (20,] is given the Ip norm
?

proc? Yes ! Suppose fitf.
then 11f-fulloo -> 0

But I floh - fol /*11 Gr-fll
.

So I falo) -foll -> 0-
So (10) -> f (0)

.

So E(fn)- F(f) .



fat" 1paios *
-

1
F(fn)= 0

" F(1) = 1

F(f)- F(1)
No

:

not continuous
,


