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Triangle Inequalities !
· atte, geometre e e

Prop (special case of AM-GM inequality)

(a)(b) = E(a2 + bt a a e
For all a, bERR

Sif : It suffice to suppose a
,
b >, 0

.

"" (x +B)

Since (a-bY30 we
have (a)" (c+ )

a -zab + b2>, 0

and have
ab (a +b) : 1



Prop : (Jamely Short Inequality ( (2 - y = (1x)) 115))For all x
,4GIR"

, (x) IXzllyle

PF: Suppose first that Iz
=Hyllz = 1

.

The

El (i)- ]
= [IIE+Hll?]

= 1 = Ixallyllz



If x = 0 or y
= 0 Man te Inequality is trirral

.

Otherwise
, letz=

112
and let wit : "IIzK /all= 1 .

We just sa that

/zam I
k= 1

and hone tile 1.
D



Prop (CS iney for Reh
-

fx
,y l ⑧ Natal Hallellylle .

k= l

Pf : For each Ne IN

El (E) "(E)
I Dall Hylles

Now take a limit as N-00 .



Cor : For all x
,4512 , x+YE be and

11 x +y)) ((x))e + Hylle ·

Pf : For each k
,

(x+Y)
*
= x + Exct+ti

Hace

(x+y* = lIx+ 2Y + lye
k= 1

- Wx12 +2 Ixellylly +Iyl

=((kx))2 + 11y)k)-
Now take sque rook

.



Her about up?

l
IxtilEkal + E In

loo 0 Attal
I spl) sp less

IXxrTal= (x, 1 + (yx)

-sap(en)
n

-> sup latyel ↓



What about the other values of p?

Observation : given x
,4tlp , the x+4 Up

(xx+yn) = (xx) + (yx)4 2 max (1x
,b)(yx))

Ixxtypl = 2 " max (Wal
, lyl)

↓2P((xx)P+ (x,))
Hence

ilxxyl = 20 (lx + 11y)



There is a variations of Laudy-Schuet inequality that holds

for Up .

/xctl Nate Helle

Holder's Inequality.

Pc I t + t = 1

are
Holder conjugate eponents.

The : Holder's Inequality :

Suppose /<p(00 and
a satisfies + + = /

If x+lp and ye lg. Man

/x - IXIpIylla



The up triangle inequality follows from Holder's Incamlity

Thn (Trimsde Ineguliy for Ip) For all x4+hp , <p 100

11 x+x/p = Ixp+1ly1p .

Pf : Observe

Nxxul = +YalP = & KstYl Kat4lP-
k = 1

Kelley/-1 /xy)

>11x1Ip 1) (cty 5'Ila+ 14/p 1) (cel") /y
with + =1 . Note : (P-1)9 = P and hence

Il Crc+4x)Pl = -
,

/x+442- /x = Ilx+yI



Hase

Ilxxyl (Hallp+1y1p) /I x++ ll 2
If 1x+y)p = 0 the inquality is obvies.. Otherwise me has

Ixxy1P-P/2 & (x1p+Hellp ·

Since p-P = P(1 - 2) = P(t) = 1

we are done
.

As



Holder's Inequality Follows from a more base inequality, Young's

inequality

Prop Yang's Inequality) Suppose a;>,0, p</ad t += 1 ·
They

abba + zb*.
a= c(mother special case of AM-GM) b = B" 2

Look for something like this on HW , -"at

*
I(1+) = /
b) + ) = (



E xercise : Given Kang's Inegality
, prame Holder's Inequality-

-

x = (1 , 7, - 3 , 6) X.y= (x)) Hell cost

EIR
*

x = (4
,

1
,
2
,
8) =

os

(xxy) Nale /Lelle
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