
Define F(x) = sup[F(z) : It 1, zxx3
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Exercise : F is increasing (x24 => F(x) = F(1))

Moreove F(x) = F(x2) with m < x2
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Metric Spaces :

X is a set

A metric on X is a
function & : XxX- R

such that

1) d(x,y)0 ↓x
,+,zeX

2) d(x
,y) = 0 iff x = Y

3) d(x,7) = d(y, x) I4) xd(x,) +d ! 4,z)
⑲- ↳ Trimgle inequality

---- E



A set X equipped with a metric is a mic ye
11x1) = (x)

2 , 9 . IR
,
d(x,y) = (x - y)

133 d(x,4) = (x2- y2)"+ (x3- 43)

Ill= + x Eunlicen distance

Erg = [xG1RY:-
= 13 Don

d(x
,y) is again Euclidem distance

.

Cany subset of a metric space is naturally a metric space)

=[0, 1] , f : [01]-> R
, continuous

d(f
, g) = x,

/f(x) - s(x))



11f11 = Y,is(f(x)) = , (f(x)
- g(x))

00
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Triangle inequality . Suppose f, 9, he CC0, 15

# x= [0 . 17 Man

if(x) - h(x)) = (f(x) - g(x) +g(x) - hi(x))

-(f(x) - g(x)) + (gix) - h(x))
* dif, g) + di(g ,h)

Hence d(f
,
b) = sup /fix -h()) < d(f,g) +d(gch)

xE201]



A related concept applies to vector spaces

A rem on a vector space V is a function I'll : V->R

satisfyug
1) IIx1) > & Fx V

2) (1 x 1) = 0 -> x= 0

3) 1xx1= (11) VatiR
,
x EU y compatabilite

ND1x1+1ly11.
-space structure

.

triangle inequality

↳x+Y yA·
X

Given a norm on a vector space we obten an



induced meture d(x
, y) = 11x-yN

notice d(x, 0) = 11x -01) = (x))

Exercise: Shaw that this metrc really is a metric .

Most of our previces metric constructions were of this type
-
-

Norms on IR2

1, : (x1y = 1x
, ) + 1 xe) x = (x, , xz)

I2 : Ixz =ax

loo : 1x1o= max(1x , /s (xel)
Ilflo= If(x))

/Xi
Exercise

:
Show that the 1, and low worms are norms

,

We'll soon prove the te tringle inequality



Ip (p 400

11xp = (1x ,+ /xzP)
"&

Give
a nom Hill

,
the closed mit ball is

Sp
B
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= Ex : 11x11 = 13
hi
,
le
, loo
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|xs) and Kall

Exerase 11/p -> 1xoo as p-co .

fixed in R2

-

The Up norms generalize to any IP" R = Ille
but also to certain sequences

,

Def : Given 14p 400
, up is the set of

sequences x = (xn) with loo is the set of

bouded sequences

[,
InP]' : 00,-1xloo = sp (xulin which case=


