
Gor : If AFIN Ten Aiscantable
"countable"

Con : A set A is countable If it has the

cordinality of a subset of IN
.

B
,

countable

-Car : If f : A -IN is an injection

Hem A is countable
.

Cor : If f :A - B is a surjection and A is countable
f

Then so is B .

E
E⑤

Pf: WLOG we can assume that A & /N
.

A I B

For each be define g(b)= min(f- Eb3)) ·
n
↳% because f is a surjection

This is well defined by the W
.

O
.
P
.



Observe that f (g(b)= b and hence g is an injection from

B into IN
.

Merce B is countable
.

Cor : If f : At B is a surjection and B is uncountable then
A is uncantable

.

Con : If ACB and A is uncoutable the so is B
.

Cor : A conempty set A is countable iff there is a sorjection

IN -> A .

-

Countable sets

D IN

2) NxIN



⑧ -⑤. * B

X
I a =a -al·↓d 2 n -

I a - 2 a -

* - & k

3) ⑪
+

= [2=4 : 2-03 -

f : Nx/N - ⑪1

(a
,
b) 5

(1 , 2) f is a surjection from a countable
(2, 4) set onto R, so Q is countable,

4) NxNxIN .... xIN (induction) INxINx
base

-
4 times



(Nx ... x IN) xIN

↑ build a sorjection
INx/N

5) AUB where A, Bae countable

trivial of A or B is empty
otherwise we can find surjections fA : INBA

f : N - B

-Df
IN x21, 23- AUB

countable
because f(n, 1

= fA(n) f is a surjection
EINxIN f(n,)

= fB(n)



6) Ai
,
each As countable (induction

7) As arch An countable

↓

surjection

fix : IN -> Ak

f : INxIN -> A

f(nk) = fp(n) is a surjection onto the union
.

8) ⑪ is countable

⑫ = Q
- US0 U +



9) NNxNx -----

30 ,13 x30
,13x- -... ] uncountable

The sat of all sequences of O's and I's
,

This collection is uncountable. Suppose not.

Then some the collection is clearly infinite.

Here thre is a sequence (Xn)
of seneres of Ols and I's,

xn(l) = 0, 1 xi(z) = 0, 1, xn(3) = 0, ---

XI X, (1) X
,
(2) x

, 13) - - --

nXn fill Xck) x2) - . - ->W
↓ -



We'll buid a sequence of O's and is not in the list
.

Es if x
,
(k) = 1

y(k)=
0

1 if Yk(k)
= 0

Since y(k)F xclk) for all k
, y* xx for allk .

This is a contradiction

Catar's Diagonal Argument

-

Thi : R is uncountable
.

pf: It is enough to show that [0, 17 is uncountable
.

Let In be a sequence in [0,17 .



It i enough to show that the sequence does

notexhaustall of [0,13 .

We write

X
,

= 0
. 991293---- (base(0)

Xe = 0. de Anz des--- (base(d)
S

i

In each case, if xp admits two expensions we pick

the terminating one.

if a #
7

Let but if a = I

Consider x
= 0 .

b
, baby--- (baselO)

,

Since zone of the desits of y is C 0 or a 9, x huse



a unique base 10 expansion ,

Observe x* X, because b
,
F a
,

and because x

hase exactly one base 10 expension .
The same arement

shaws x* YK for all K .

-
Cantor Set

-1 As [01]

1 - AnT1 H H 1 As,

H + HH HH r H Ar

Each such path corresponds to a mige elemat of 1



via the Nested Internal Properly of I ,

We've described a bojection from So
,
3 to B .

e -

↳ encountable
.

Alt: F : A- [0 ,1 ,
subjection

,

x = A

x = 0 . b , bubz .... (base3) where end bi = 0 or 2 .

- 1

d ↑
0
.
02- -. (baxB) 0

.
20--(base3)

di



x =
where 9

,
= 0

> (anique!)

F(x) = 0
.
a
, and- ...

(base 2)

F(Y3) = 0
. 011 ... (basez) = 0 . 10 ... (bee2) = 2

F(43)
= 0 . 100 ... (basez) = 1/2

Clearly I is a subjection (turn 1 -> [0,1)
↳ "Cantor function"

ta I defined an
↓

We can extad & B all of [0,1] us follows
.

First
,
note that I as given is mavatore increasing .



Define F(x) = sup[F(z) : It 1, zxx3

- are↳I
1

E E


