
On HW: Given x = (0,1) exactly one at the following is true

a) xadmits a base p expension and the expansion

does not end in a tail of all O's on all py's,

b)x admits exactly two expansions.One is

0. a, .... ap0....

with an FO and the other is

0.a, - ... (a-1) (p-1)())---
-
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0.1 (base)
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0,822 ---(baxe3)

The cleats ofA, me exactly the elements of CO, is
thatadmit a base 3 expansion status with either0 or2.



An:admitin base 3 expension where the firsttwo digits

are either 0 or 2.

1:adult a base 3 expansion where the disits one only
0 or 2.

-

ator setbig or small.

Aswor 1:To constructA frem [91] we remove

1interval of length 1/3

I internals of length 192

2 interests of leth 1gb



"Total length removed
"

5 +2 +2 +2*xt----

= I =I*2
=1

Canton setis small,

Butthe center set is uncountable. Itis large!

Countability.
Recall setsA and i have the same city

-

(and we write AmB) if there is a bijectionfrom

A to B,



Aset is fits if itis empty or has the

cordinality of 31,3 ...,n3 for Some ne/N.

Asetthatis notfillite is infinite.

A setis ably die ifithas the cardially ofIN.

Aset thatis infinite butnot contably infinite

is atable,

INis infinite:

1) slow that every finite subset of IN has

a maximum element. Cinelation!

2) Every elementof IN is nota maximum elenetof (N.



table

name:either finite or countably infinite.
-itis finite and BEAthanB is finite.

Pf: For convenience, define Sn = E1, . .,hh.

We can assume WhOG thatA=su for same n.

The proof is obvious of n =1.

Suppose the result is true forsome neIN and consider

a setB I San. If BI in thanB is finite by
theinduction hapothesis. She setB is finite if B=En+B.

ie.... (it



Otherwise B1Sn*0) and n+1 -B.

We can construct a bijection 4:Sk-BDS for some

I and extend itto a bijection 4: skit B

by definns ((k+1) =nx),

#*A and B is infinite Ais finite.

tapositivesinfinite and A SIN e

Ais cantally infinite.

Pf:Let A, =A.

Leta, be the least elevant of Apo
Since Ais nonempty, and by theWell Ordering Principle)



LetAz=A, 1E9.3. Observe that Az is infinite

had home momempty!). Letas be theherstehend ofte

Centinary inductively we construct astrictanothe
S

increasing sequence a,(92... in A,

that is, who have
an injectiveup IN-A.

We car at this map is a surrection. Indeed,

suppose at
A. Observe thatfor

my ky apk.

In particular, acc. Since (EA= AcnUEanay..., ac
we find thatat has ..,ac] since each atAct,

satisfies as any ca S0 c
=a,for some K.



Gor:If AFIN Ten A iscantable
"countable"

Con:A set Ais countable if ithas the

cordinality of a subset of IN.

Car:If 7: A -IN is an injection

Hem Ais countable.


