
Math 641: Homework 12 Due: December 1, 2023

1. Carothers 18.1

2. Carothers 18.3

3. Carothers 18.4

4. Carothers 18.6

5. Carothers 18.9

6. Carothers 18.11

7. Let 𝑓 ≥ 0 be Riemann integrable. In this exercise you will show that 𝑓 is measurable. In your
work, you are welcome to use the obvious fact that the Riemann integral and the Lebesgue
integral agree for step functions.

a) Show that there exists a monotone increasing sequence of step functions 𝜑𝑛 and a monot-
one decreasing sequence of step functions 𝜓𝑛 such that 𝜑𝑛 ≤ 𝑓 ≤ 𝜓𝑛 for each 𝑛 and such
that

(𝑅)∫
𝑏

𝑎
(𝜓𝑛 − 𝜑𝑛) → 0.

b) Let Φ = sup𝜑𝑛 and Ψ = inf 𝜑𝑛. Show that Ψ − Φ = 0 almost everywhere.
c) Conclude that 𝑓 is measurable.

8. Carothers 18.16

9. Carothers 18.17


