
Recall : If f- is meas and f > 0 and

f f- = 0 ⇒ f- = 0 a.e.

Exercise : If f-70 and f- 0 a. e. they ff= 0

( Do this fun scratch)

Exercise
.
If f

, g are measurable ad
g is finite everywhere

then ftg is measurable
.

Lanna : suppose fg > 0 are measurable and integrable . They

f- = g a. e. ist fgf= fgg for

all measurable sets E.



Pf : Suppose f- = g a-e. Let N={ ftg}
.

If E- is

measurable they

fgf = f f + f f = f f = f g = fgg .Env Enna Enna Enna

fr n

fxgwffjxvffjxc.at
For the converse consider the set c-= {f > g} .

(Exercise: this is
measurable)

On E
,
f- = (f-g) tg . Hence

A finite
.

ff = f t f g and hence f (f-g) = 0 .

£ IE E E



Now ✗ c- (f-g) 30 and fXfG_g) =D so

✗£(f-g) =0 a. e. and truce m(E) =O
.

Similarly , m / { 9>5-37--0 and f-= g a.e.

¥
Prop : If f. g. E Ll they

f-=g a. e.
ist fgf = fgg to- all measurable sets £

.

Pf : Exac.se#f--ga.e.thenfgf--fggforallmers.E.f
Suppose fgf= fgg for all mens . sets E.



Let E-
++
= { f- 70, g. 30} . Then for

any
measurable set F

fpX⇐+f= f f = f 9 = fpXq+g .

FnEtt Frett

Thus
, by the previous lenny XE++f=XE++g a.e-

and f-= g a. e. or Etf .

Similarly f- s a. e. as E-
-

= { 5-<0
, go} .

Consider C-
+-
= {f- 70 , go} . Than

off f- = f g 10 .

Et
- Et

-

Hence f 9--0 and ✗ £+9 = 0 ace

£+1



Hence C-
+-

is a null set
. Sinisterly C--5+{-10,9%0}

is null
.
But they { ftg} is a null set ; it

is the union of E-
+,

E-
+ - and two null subset of G-+ art

C-
→ •

chlatE→-
prov (E)

Def : L' (E) where C- is measurable consistsof

equivalence classes of functions in L'prole) where

f- ~g if f- = g a. e.

Exercise . This is an equivalence relation
.



Exercise: If f-c- [ pen (E) and g= face. they go ftp.adf) .

Étf]É↳f

If [f) c- L
'
( IR) what is

f (f) = fgf
E

If I =f a. e. [I] = (f)

FEI ? If
E [ f- + g]

How to add? If] + [g) = [ £+5]

where f^=f a.e. and is finite everywhere



and sanitary fan of .

Exercise : This is well defined
.

f([ f] + Is]) = f [ Its ]
= flft.at)

= IF + If

= f [I] + f [ § ]

= f [t] + Jcs]
GIR

É [f ] := [ cf ]
.

Exercise : this is well defined .



Grease : fc [f] = c) [f]

Exercise : L
"

is a vector space under those operations, and

[f) → felt] us linen is C-
.

-

Def : / [ f ] / = [ Ifl ]
Exercise : this is well defined .

Def: If (f)c- Ll

11 [f) 11
,

= f / Cf] / = f If /



Is this a norm?

11 It] + [ g) 11
,
= It [ It 5] 11

,

= f If +oil
t JCI 1+6^1)
= SHY + flail

= 11 [ I ] 11
,
+ It [ &] / 1

,

= 11 Cf] 11
,
+ 11 Is ] 11

,

✓



Suppose I / [f]H
,

= 0
.

They f) fl - 0 .

Since 11-130 ⇒ 15-1=0 a.e. => f-
= 0 a.e.

[t]= [o] .
-

Next big step : L
'

is complete .

É
/ fn / E g

for → f p .w ,

]⇒ fellow

ffn→ ff



g c- L'
pm

Modification : Ifn / f g a. e. for each y

fn→ ftp.w . are.

⇒ ff. → Sf

Let En={ lfnl > g } .

Let F- = { fntsf}

Let G- ④ En)UF5

/ Xgfn / a- g



✗gfn → ✗of

→ Sat

④→ If

Gaat.LI#
Evey absolutely convergent series is convergent
-

§=
,

[fn] É
,

I / [ fn] / / Loo



É flfnl is finite .

n=l

g=
É Ifn /
n= I

Sn =
É Ifn /

n
n-=1

Claim : go tlproo '

Sm 70 Sm Mg

more

/ §
,

/ f. /f g = 1mn fsm = Im

m→GO

✓
= 1am Em Jlfnf

MCT noooo
n= '



=
É 11 [fn] / I

,
< oa

.

n =L

L


