
By the MCT Inn fgn
noooo

= ff .

Note that for each n 9ns fn .
This

limit ffn 3 hunt f 9g = ff .
noooo 1700

obseraeit-atouislemmninpl.es/heMcT.#fn9f
ffn Eff ]⇒ff=k:•ffnff f hunt ffn = 1am ffy
noooo nooo



fn > 0 , mens

00

f- = Efn If = É ffn
n= I

n=l

Seg at partial sums is monotone increasing + MCT
.

hIFbi-zmwsaa-as.fr
= f-

+
- f- f-

+

= f- v0

f- = C- f) V0

ff := ff+ - ff-
so long as at least one of the two integrals is finite.

If bath are
finite wept} say

f- c- 4 ( IR)

and say
f- is integrable .



Note flf / = ff(+ +f) = ff+t f.f-

so f is integrable iff flfl is finite
.

we

↳ not a norm on
the integrable factors

f- ✗ a ☒ a)= 0

Given f
, g

C- L
, does ftg even make sense?

Suppose f. gel , and are finite everywhere

%ff.to??h?g..??!+g,gYffffi-g#-gf--fff-g--f+-g+f- tg = ( f- +g)+ - ( fag)-
②



fttg)+ + / f- t fg- = fcftg) - tf f- 1- fg+

f( fig)+ - fcftg) - = fft - ff- t Jg+ - f g -

fftg = If + fg

OIftg.IE/flH#f/fi-g/Ef(1fltlgH)=flfltflgl
So if fig C- L

, ,
ftg C- Li also

.



•

fcf if f- c- L
'

and CER

f / of / - f 1411-1 = 14 flff ⇒ of c-L'

If 40 fcf= flat)+ - fccf) -
= faf - faf-
= cfff - off, = c[ff+- ff.]

If c= - I f of = flat)+ - fccf.) (f)
+
= C-f) v0

= f 1-f)+ - fff) -

= f f-
- ff+

= - ff
Now combine .



Upshot: The finite everywhere elements of 4 form

a vector space and integration is linear on it
.

-

How do the Riemann and Lebesgue integrals compare?

( R) /If (c) fit

In fact
every Riemann integrable function is measurable

and boarded and truce integrable at the two integrals

coincide
.

On current HW :

you are shooing this if f-70
.

f- +A 30 nmasuahle

-



( ftt) = (2) Ñf+A)
q

a

11

(a) f.4- + IN # = ( L) I!f + (↳ JIA
w w

A- (b-a) A- ( b-a)

OÉm
We have seen ffn ✗ ff

^
not if fn → f pro .
alums

true

✗
cn.co>
=L ffn=oo

④ ff=É



"



1) •mounted caves ere Theorem . ffumhady.sfiniteeueywhe.ie#@
Suppose g >0 is on Li (IR) .

Let (fn) be a sequence of factors such that fn→ f-
pie.

measurable

for sumo f- and such that Ifn/ E g for each n .

Then Ian ffn = ff .To flfulsfg
nor00

Pf : Consider the functions fntg 30 .
( 93 fois -g)
lfnKgFatou's lemma implies

Knauf f(f. +g) 3 fftg = ff + fg
.

GH£9 also)

vi.→ •0

But liumuf flfntg)=(anoint f.↳ + fg . Hence
noooo

n-•



C- f.→ -flauntffn 3 ff .
nooo 1- f. 1<-19 )

By the some argument hunt f- fn 3 f-f.
noooo

Hence 1in sap f f, f f f . We live therefore seen
noooo

lumsup ff, Eff £ Innit ffn .

noooo noooo

But luuinfff, E linspffn so we true equalitynoooo
nooo

the limit exists and agents ff .
-



gain ¥j →

Exercise : carefully show this function is integrable
.

(f) fog It sell them

f g is finite a.e.

In g fist → Quite
.

1m$ -- ft
w

"

ffn
If


