
Pf : (of MCT)

since fut f for a / In , ffn Eff for each n .
So 1amns.ooffnfff .

It suffices then to shoo fff him ffn .

✓ nooo

Recall ff = sup { fll : 4 is simple, intsnbl Eff} .

Suppose Q is simple, integrable and Osce Sf
.

I>
Let E > 0 and consider ( 1-E) Q . Observe ( 1-E) 4 < f everywhere

f -1-0 , Let En = { fn > ( 1- E) E} and



obzne that the Eis are increasing and UEn=R¥f¥§Now for each n

ffn 3 f fu 3 f 4- e) E .
En En

This bus ffn > lim f ( tee
noooo noooo En

= flt- e) E .

This is true for all EE Co, 1) and hence

1mn
→ •

ffn → ftl . there 1m ffn 3 ff .
noooo



Con : suppose the sets En are increasing and measurable

and that f> 0 is meusoalle. They

1in f f- = ff whee C-= YEN .
noooo En E

Pf : Observe ✗Enf is

www.rstoxc-f-NowapplytheM#



fcf = off , f (ftg) = fft fg

µ f,g are ¥0
,

mens
.

07,0 .

Lemma : If f- is non- negative and measurable there is

a sequence of non-negative
inferable simple factory

en with Oken Ef and Eu 9 f.

Pf .

. By the Basic Construction there is a sequence of

men negative sample functions 4h that increase to f.

Let 4u=XEn,n54n . ☐



Observe
,
in the language at the above

ff= 1am flu by the MCT
.

Prop: If f, g 30 and measurable
,
and if c> 0 thy

fat = off

f(f- +g) = fft fog .

Pf : Let fa , gn
be chorusing simple functions canoeingr

non-ncgatue

pointwise to f- and g respectively .



Then : fntgn→ f- tg pointwise and the

sequence (fntgis) is monotone increasing .

Thus
, by the MCT

flftg)= lay f (fntgn)=t.iq/ffntfgy)--ln1.affutlmf9n
n→ •0

= If + Jg .
The proof that Safe asf is similar and easier

.



What if ( fn ) fiso, mens .

faff

ffn ?= ff1am
noooo

Exercise : If ff , is finite then indeed

Ian ffn= ff .
nooo

Exercise If fk>_ 0
,
measurable and we set F- Efk

then ft = Effie .

1<=1



The MCT needs monotonicity
.

(and increasing)
.

What if you doit hue it?

ffn ) fn→ 0 p.w.

1) fn = ✗ [n.az/fn--ooU-n.&fo--o
2) fn= ✗

[a,n+ , ] ffn - I ltn → Jo = 0
$-0

#¥-



3)

fi-tnxco.az/fn--/-to--f0-::--:t)fn--nX(o,uigffn--1--o--fo
O_0

TE



5) f. = { Xcmntl] n - •old ffn= 2+1-1)
"

✗ Cu ,nt3] n is ever . µ
no 1mA, definitely

not 0
.

This holds generally1) - 4) ff f him ffn
noooo and is known] as Fatou 's Lerma

,

5) ff E. liminfffn
n→oa



" You
an lose area in

'

the hint but you

can't gain area
.

"

Fatou's Lemma : Suppose fn 30 are measurable

and furs ftp.w .
Then ff & hunt ffn .

→of

Pf : Let gn= inffk . Observe that the gn's are
Kzn

monotone increasing . Moreover, pointwise

Ian gy
= km inffk = taunt fn = f.

→00 Moo lazy nod 00



By the MCT Inn fgn
noooo

= ff .

Note that for each n 9ns fn .
This

limit ffn 3 hunt f 9g = ff .
noooo noooo ☐


