
Lemma : Suppose £ is measurable, in (E) Coo .

LetESO
.

There is a
continuous function Q such that

m Het e) < e.

Pf : Let A be a
finale union of intents

.

such tht m CASE)< eh .

Let 4 = XA , so nm ( 4--1 ✗e) < Eh ,

Let Q be a continues function such that

m( 41=4) < 4¢ .

Then Q suffices

⇒
↳ as null as >an went



Then ( Boel) m ( f=±oo)=o

Suppose f- :[a,b]→Ñ 13 masunbbmdfouitea.tl
Given E > o there is a containers function g

with milf -gl > e) ce .

Pf : Because m (11-1--00)=0 , coutant from
above implies there exists K with an ( Ifl > K) <§ .

Let fk = maximin (f, k) , -K) .

N

Let Q= § anXen be a simple function

with 14 - Gok E on cab]
.



{19-1--00} = Ñ { Ifl > n}
4=1

Imf {11-1--00}) = Inigo m( { Ifl > n })

=



For each n let ga
be a castaway factory

tht equals ✗
En except on a set of

measure no more then %N .

Then g= É an gn satisfies m ( { g -1-43) < Ez .
4=1

Now
.

{ 1g - ftse} c- { Ifl > k3UÑ{%=X£}
hit

and m g- f- I >E) < § + § - E



Integration :

A simple feather 4 : IR → IR is integrable if

mle -1-0) < oo .

Nele 9-
'

({ 03) -1-01

@ = Éankxqa Gill
-'

({ ais)
k=o

ao = 0

{ aoiay . . . , an}
-
- disjoint

Def : I (4) = [ a☒m(Ga) 000=0

1<=0



Exercise: Inte simple functions form a vector space .

↳ um ff -1-07<00

Goal : I is linen on the integrable silqrk functions .

Lemma : If 4 = ÉBKXEK where each Ek is

K=c

measurable
, an (G)Coo and the sets Ek

are

disjoint then

I (e) = É bkm(Ek) .
1<=1

Pf : Observe first that Q is simple and integrable, so ICE)



is defined .
Without loss of generality we can assure

that bet 0 for sure k and U GE R
.

Then

I (e) = E am ( { e- a)) .

AEIR

For any a c-R

m ( { e=a3)=m ( UGA)
b.EU

= E m (g)
.

g)
distant!

bk=d

Hence I (e) = E E bkm (Gc) = £ 4am (Ga)
AER bed 1<=1



Prop : If 4 and -4 are simple and integrable they

Ilcce) = - ICE) and

Ilene) = ICE> + ICY) .

( I is linear !)

Pf : Scalar multiplication is an exercise
.

n

Let Q = E ai ✗
G. ad ✗ =ÉbjXfjF- I

5=1

in standard form
.

Let Ai;= Ein Fj .
Observe that the sets

A.g- are disjoint
.
Moreover



Ei = Ñ Ai ;
5=1

Fj = Ñ Aij .

i= ,

Then I let 4) = É Em (

ai+b;)m(AA F- I 5=1

n m

since 4+12- EE (aitb;)HA
,,

•

✓5=1 5=1

= É Ema : m(Ai ;) + Em É bi m (Ai;)
'

.

5=1
F- I

n m m

= Ea:(¥ ,mlAii)) + Ebi ( Émlt:-))F- i g-=\ F- I

n m

= E. aim (Ei) + §
,

b
; m ( F;)



= I (e) + I (4) .
I

Con : If Ei 1-=L
,
- . .sn are measurable sets

with finite measure then Q= Éaixq.
i=l

is sample and measurable and
a

I (e) = §
,

aim (G) .

Pf : This is a consequence of lieeait once we

establish I( ✗g.) = un (G)
.

The standard neprepsutat.cn of



XE ; = ONE + 1.XE
;

and hence
, by definition,

I(✗g.) =o•m(⇒ + 1. m(Ei)
= m ( Ei) •
-

Lerma : If Q is integrable and simple and

430 a. e. then I (e) 70
.

n

Pf : E=§⇒ak¥ where whenever
a
,< < 0, m (G)-0.

This I (e) = É=oa← MEEK) 7 o .



Cor : If 4 and 4 are simple and •htesubk and

4<-4 a. e. they

I( e) SICK)
.

Pf : Observe 4- 970 ace
.

So by the leaner

ICY - e) 20 .

But by linearity -1-(4-4)=-1-(41-114) so

I (4) 3 ICE) .


