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Examples : 1) continuous functions

f-
'

( • per) = open

2) step frictions [a.b)

f-
'

( ca, ao) ) → fruitarian of
autocrats



3) montane factions R→cR

are measurable .

f-
'

( [a> oo))
↳ is an interval

Him



upper
semi

- continuous f-
" ( (as -7) is open

If MEIR is null

and f :N → IR

then f- is meusuuble .

f-
' (A) EN and is mua .

If £ is mens and 9=f except as a null

set N then gismeasu.io#↳
{ f > a} us { s > a} f- =s almost

everywhere .

Ef Eg



9 [ mouaewble?
memorable

E-
g-
A Eg a- N

Exercise: If f :D SIR is measurable and C- a- D

is measuwble then f)
£

is measurable

-

Than : The measurable real -leaked fnot.us on a

measurable set DEIR form a vector space

and moreover an algebra .

i.e. if f
, g
:D → CR are measurable



then so are :

1) cf is measurable if ce IR

2) fttg ismerswnble

3) f. g is measurable

C-erase : 1)

Handwork: 2)

Want { ftg > a} to be measurable
.

-

f-G) + gcx) > a ⇐> f-G) > ✗ - g G)



⇐ Fr c- Q

f-G) s r > ✗ - g.G)

{ f- + g
> a} = U { f > v31 { r > a -g }

REQ

a-
{g > a- r}

So { f tg >a} is a countable onion d- measurable

sets and is measurable.



To tackle fog is measurably first start

with f. f- = f
'

is memorable.

{ f ' > ✗ 3={1-02} U { for}w
Metals
✓

meets
.

(ftgT= f
"

+ g- + Zfg

f- g=§§f+gY- f? g2]



Given f
, g measurable

,

h= imax (f,g) is measurable
.

{ h > a } = { f > a}U{ s > a}
r n

memmeu#
mens

fyfy.ru
, fmn all mens

f- = max ( fyfe, - . -, fn ) is meas .



What about fi
,
fa
, fog . - - . -

f- = sunpfn
fuk>=L

We'll work with extended need -valued factions

f : 1) → PT → IRU { ooo -ooo}
Such an f is mens if

f- 1 ( (a, oo]) are measurable
.

f + g need not be defined for such facetious
.



f-G) = ao g-(a)= -ao

0% Note : in most cases we work with
the facetious will be finite

almost everywhere

f- = Sap fn each fu is meat
.

{ f > a } = µ { fnsx}
Exercise : verify the above equality

.

Mf fk = - sap f- to) is mens of each tk 13
.



Given a function f : DEIR → IR

f-
+
=

annex (f, O)
f- = uuaxf -1,0)

-1+30

f- 70

f- = ft- f-

If f is mens
,
so are f-

+

,
f ?

⇒ g.
+ any g- we may go.gg#--y
If / = f-

+

+ f-

If f is meas
,
so is If /

.



Exercise: Is the converse free?

If fn is a seq
of meres functions=Iim sap fy = ihf sup fm

noooo NII hm3n

-

For each n
,
this is meas

.

measurable
.

1am int fu 13 measurable if each fu B.

nozao

If fu→ f- pointwise and each fu is



measurable then f- is measurable
.

Tepoantmsekuitatmasurabkfeuetiasosmasaaf
Exercise : If fu is a sequence of feeds measurable fanboy

that converses pointwise almost everywherego.ggygygggmeag.gg#
RIN

fn → f%
£ :D - OR -may

C- c- D is mens

f)
f
ie mens

.fu /
Rw

are meas

⇒ f- / N
B mas,



f-
'

( ( a.•9) IN a moas
.

2-f-
'

( ( a ,ao]) AN is mus

Fsonaff . Suppose D EIR is measurable and m (D) < 00.

If {fn} is a sequence
at mens factions_f¥w%g%

pwa.ae .
to f- then given E>0 there exists

a measurable set

C- c- D such that m (D)E) <E an fn→→f or E.

* A measurable set is newly a) an open
set

Littlewood's b) a closedset

a) a Borel set (Gg)3

Pointuase a. e- •wesercePrinciples
is needy uniform convergence

* Measurable functions are nearly continuous functions
.


